Theor Chim Acta (1992) 83: 263-312 Thgot:etlca
Chimica Acta

© Springer-Verlag 1992

Stationary perturbation theory

I. Survey of basic concepts*

Werner Kutzelnigg
Lehrstuhl fiir Theoretische Chemie, Ruhr-Universitdt Bochum, W-4630 Bochum, Germany

Received June 14, 1991/Accepted February 7, 1992

Summary. Stationarity of the energy expectation value as required in the varia-
tional approach can in most cases of practical interest be formulated with
reference to a unitary ‘variational group’ and its associated Lie algebra. In terms
of a basis of this Lie algebra, Brillouin (hypervirial) conditions and a Hessean
are defined. The formulation of stationary perturbation theory (as well as of
multiple perturbation theory) in the Lie-algebraic framework is straightforward.
If the operator ¥, which describes the perturbation of the wave function, is
expandable in the Lie algebra of the variational group, a Hellmann—Feynman
theorem holds (as a special case of Wigner’s [2n + 1] rule) and the first order
operator Y, can be obtained from minimization of a Lie-algebraic Hylleraas
functional. Under the same condition for two perturbations, Dalgarno’s ex-
change theorem holds. An analysis of the spectrum the Hessean leads to a
generalization of the RPA method for any chosen variational group. Any
variational group automatically generates a model excitation spectrum. Some-
times one wants to formulate the variational approach in terms of two or more
(independent and noncommuting) variational groups. An example is coupled-
MC-SCF theory. One must specify the order in which operators of the two
groups act, but otherwise there is not much change with respect to the case of a
single group. Time-dependent stationary perturbation theory, based on Frenkel’s
stationarity principle, is possible on similar lines. Singularities related to an
indefinite phase, which plague traditional time dependent perturbation theory are
automatically avoided. In the framework of stationary perturbation theory the
dipole length and dipole velocity formulas for a transition element are equiva-
lent. For a time-dependent Hamiltonian there is no unique definition of the
corresponding energy. There are various possibilities to define a ‘pseudo-energy’.
One of these definitions is consistent with a special form of a time-dependent
Hellmann—Feynman theorem. For a perturbation periodic in time so-called
Floquet states exist and stationary time-dependent perturbation theory starting
from a stationary state of the unperturbed problem automatically leads to these.
For Floquet states a genuine stationarity condition can be derived, that is based
on the concept of a generalized Hilbert space and that does not suffer from the
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shortcomings of Frenkel’s principle. The perturbation formalism for these is
surprisingly close to that of the time-independent theory. For degenerate and
near-degenerate states a quasidegenerate generalization of stationary perturba-
tion theory is possible.

Key words: Stationarity — Perturbation theory — Energy expectation value — Lie
algebra — Variational approach

1. Introduction

Most methods for an approximate solution of the (time independent)
Schrédinger equation:

HY = EV¥ (1.1)

are based on the variation principle, i.e. on requiring stationarity of the energy
functional:

SE =5{(V|H|PYKP|¥)} =0 (1.2)

with respect to a family of variations of ¥. If Eq. (1.2) holds for all possible
variations of ¥, ¥ is a solution of Eq. (1.1) and E is equal to an eigenvalue of
H, otherwise E is an upper bound to the lowest eigenvalue E, of H.

One is often faced with the problem to find eigenvalues and eigenfunctions of
a Hamiltonian that depends on some parameter A:

HG)P() = EQ)¥P()) (1.3)

One can then either use the variation principle for some selected values of A and
interpolate, or alternatively try to find E(1) and ¥(A) as power series in A:

v=Y 1v,; E=Y IE (1.4a)
k=0 k=0

This is possible — within a radius of convergence for A — if H(Z) is analytic in 4,
e.g. a polynomial of degree one:

H = H,+ \H, (1.4b)

and if certain conditions on H are satisfied [1]. Sometimes the expansion of Eq.
(1.4a) in A for H of the form of Eq. (1.4b) is only asymptotic rather than
convergent. The formalism used conventionally to find the coefficients of the
power series expansions of ¥ and E is that of perturbation theory. In the
derivation of perturbation theory, as found in most textbooks, the starting
assumption is made that the ‘unperturbed problem’, i.e. Eq. (1.3) for A =0 can
be solved exactly. In this case a few theorems can be derived, e.g. that E,, , , is
expressible in terms of the ¥,, k <n» only (Wigner’s [2n + 1]-rule), especially
that:

OE(4
5=

which is known as Hellmann—Feynman theorem, and that ¥, can be obtained
by minimizing the Hylleraas functional:

E, <F(¥)) =(¥,|H, — E|?,> + 2Re{¥|H, — E;|¥,) (1.6)

‘0=<‘I’0|H1|To> (1.5)
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The traditional formalism of perturbation theory is not very helpful if the
conditions under which it has been derived are not satisfied, e.g. if the unper-
turbed problem cannot be solved exactly. To be on a safe ground in actual
computations it would be preferable to use a perturbation formalism that has
been derived from the variation principle, i.e. from the requirement that the
expectation value of H(4) is stationary independently of A in a neighborhood of
A =0, ie. that:

SE) =0;  E() = P |HWD|PA)>/[KPD) [P (1.7)

Attempts on these lines to derive a ‘stationary perturbation theory’ can be found
in the literature, e.g. in Epstein’s book {2]. Some theorems of ‘exact’ perturbation
theory can be shown to hold in this framework. Noteworthy is Hurley’s study [3]
of the conditions under which a special Hellmann—Feynman theorem holds for
an approximate zeroth order function.

The purpose of the present paper is a unified formulation of the variational
approach (for both linear and nonlinear variations) and of stationary perturba-
tion theory (time-independent and time-dependent, for single and multiple
perturbations) in a Lie-algebraic framework. The basic idea is that in most cases
of interest stationarity of the energy with respect to a family of variations can be
formulated in terms of a variational group. In terms of this variational group
automatically generalized Brillouin conditions (in the form of hypervirial rela-
tions) and a Hessean are defined. A Lie-algebraic version of the Hylleraas
functional appears naturally. Moreover, the variational group generates a model
excitation spectrum of generalized RPA (random phase) type. Variational stabil-
ity and symmetry breaking or similar features are easily discussed in this
framework.

Many well-known as well as a few less-known or unknown results can so be
derived in a rather elegant and transparent way. The power of this formalism
will become obvious in the second paper of this series, where it is applied to a
study of correlation effects on properties [4] and also in a rederivation and a
generalization of the IGLO method for magnetic properties [5] in a forthcoming
paper [6] (see also [7]).

There are quite a few precursors to this study. The thorough analysis of the
variation principle by Epstein [2] has already been mentioned. Relevant in this
context is the unitary perturbation theory of Primas [8], much of the literature
on hypervirial theorems [9, 10], in particular on the relation of unitary perturba-
tion theory to hypervirial theorems [11-13]. Closely related is the formulation of
the quantum mechanical many-body problem in terms of a hierarchy of Lie
groups by Fukutome [14]. Concerning perturbative corrections to expectation
values various papers by Sadlej deserve interest [15]. Of course, the author’s own
experience with perturbation theory in Fock space [16] has been helpful. Lie
algebras have also been used in time-dependent theory, mainly in studies of the
exact solution of a model problem in which the Hamiltonian is a member of a
given Lie algebra [17], but also in the context of stationarity conditions like those
considered here [18]. The mathematical background on Lie algebras [19] and on
differential manifolds [20] can be found in standard textbooks [19, 20].

This paper is organized as follows. In Sect. 2 the variational group is
introduced and generalized Brillouin conditions are derived. The Hessean is
defined and a Newton—Raphson approach towards a stationary wave function
(or density matrix) is formulated. In Sect. 3 various examples of variational
groups, e.g. that corresponding to a scale transformation, that for linear varia-
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tions and that relevant for Hartree—Fock theory, are presented. The derivation of
stationary perturbation theory is given in Sect. 4, the generalization to multiple
perturbations in Sect. 5. The Hellmann—Feynman theorem and Dalgarno’s ex-
change theorem arise in a natural way. Essential is that the perturbation is
described within the variational group. In Sect. 6 we discuss the eigenvalue
spectrum of the Hessean and the removal of redundancies that would invalidate
the solution of the linear systems of equations needed in the variational ap-
proach and in stationary perturbation theory. The search for a metric in
operator space immediately leads to a generalization of the Random-phase
approximation and it is seen that any variational group automatically generates
a model excitation and deexcitation spectrum. Special features of real and
imaginary perturbations are discussed in Sect. 7. In Sect. 8 stationary perturba-
tion theory is generalized to the practically interesting case that one cares for
stationarity with respect to two (or more) independent and noncommuting groups
%, and %,, but not with respect to the embedding group ¥ generated from %,
and ¥,. This case is e.g. realized in CAS-SCF theory. Section 9 gives the
generalization to ftime-dependent perturbations, where some singularities that
plague the traditional Dirac approach are automatically avoided. The concept of
the pseudo-energy and its relation to a time-dependent Hellmann-Feynman
theorem is introduced and discussed. The perturbation theory of Floguet states
for a Hamiltonian periodic in time arises in a simple and natural way. In Sect.
10 we finally study the stationary counterpart of degenerate or quasidegenerate
perturbation theory. Some ideas presented here in detail have been briefly
outlined previously [7].

The forthcoming second paper of this series [4] will mainly be devoted to the
treatment of electron correlation and especially to correlation effects on (first
order or second order) properties. It will be shown that many-body perturbation
theory (MBPT) can be formulated in the stationary framework, but that for the
Moller—Plesset variant (MP) of MBPT some peculiarities arise due to the
different treatment of one-particle and many-particle excitations. This has e.g.
the consequence that in double perturbation theory one cannot satisfy simulta-
neously a Brillouin theorem and a Hellmann—Feynman theorem. In a non-per-
turbative treatment of correlation effects the superiority of methods based on a
Brillouin—Brueckner condition will be shown. The present formalism also allows
a straightforward access to coupled MC-SCF theory. In another forthcoming
paper [6] the present formalism will be used for a reformulation of the IGLO
method [5] for magnetic properties of molecules and the MC-SCF generalization
of IGLO. To some extent the present work can be regarded as a preparation for
these forthcoming papers [4, 6].

2. Lie-algebraic formulation of the variation principle

We shall only admit normalized trial functions. In this case the variation
principle of Eq. (1.2) reduces to:

SE=0CP|H|Fy=0 for (F|F)y=1 (2.1)

Variations of ¥ that conserve the norm can be formulated as unitary transfor-
mations [9, 11-13]:

¥ = UP (2.2)
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We require stationarity of E with respect to a family of unitary transformations
and it is straightforward to require that these transformations form a group. Let
us call it the ‘variational group’ 4. This ¢ is a unitary group, to which a Lie
algebra & is associated. Any U € % can be written as:

U=expX; X=-X" Xe% cZ, (2.3)

All the X that figure in Eq. (2.3) are elements of the real Lie algebra %, of
antihermitean operators X, which is the subalgebra of the full (complex) Lie
algebra &, associated with 4 (see appendix A).

Sometimes the requirement of stationarity with respect to all elements of a
unitary group ¥ may be too restrictive and one will, e.g., be satisfied with
stationarity with respect to two (or more) noncommuting subgroups of ¥
independently. We come to this case in Sect. 8.

If we formulate the variation of E in terms of X we get by means of the
Lie—Baker—Campbell- Hausdorft expansion (Hausdorff expansion for short):

E-E =E+(P|H X]|P>+XP|[H X1, X]|P>+ - (2.4)

and stationarity of E with respect to infinitesimal variations implies the station-
arity conditions:

P|[H, X]|P>=0 VXe, (2.5)

For the special case that X is a one-particle excitation operator (see Sect. 3) and
¥ a single Slater determinant this is known as Brillouin theorem [21-22] or
Brillouin condition and for ¥ a multiconfiguration wave function as generalized
Brillouin theorem or condition. The two alternative names (theorem or condi-
tion) depend on whether one regards Eq. (2.5) as a consequence of stationarity
or as a condition for stationarity. Multiparticle generalizations of the Brillouin
theorem have also been discussed [23]. Relations of the form of Eq. (2.5) are
generally referred to as hypervirial theorems [2, 9, 10]. There is a subtle concep-
tual difference between Brillouin conditions and hyperviral relations in spite of
their formal indistinguishability. While the former are directly related to a
variational approach, the latter may be completely independent from it, e.g. may
be satisfied for any appropriately chosen trial function (this is the case for
momentum or torque theorems [2]). This distinction is not always clearcut. A
typical hyperviral relation such as the classical virial theorem (see Sect. 3) is
obviously related to a stationarity condition for the energy [9].

It does not make too much difference whether we require that Eq. (2.5) holds
for all X € &, or all X € &,. The latter condition implies, of course, the former,
but the converse is also true; if Eq. (2.5) holds for all X, € ., it also holds for
all linear combinations of these X, with complex coefficients, i.e. for all X € &..

We also need a procedure to construct a wave function ¥ which satisfies Eq.
(2.5). We can do so by starting from a trial function ¢ which is related to the
desired ¥ as:

V=UP, Uc% (2.6)
where the unitary transformation:
U = exp o; ge, 2.7

or rather its logarithm o is now our unknown quantity:
E(o) ={P|e "He"|D) (2.8)
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We expand ¢ in a basis X, of .&,:

=Y X, (2.9)
k
and use the Hausdorff expansion for Eq. (2.8) to get:

Eci,. ... ¢)=E9+Y D +3Y crcHy + -+ - (2.10)

k k,l
EO=(o|H|D) (2.11a)
D, = (®|[H, X;]|®) (2.11b)
Hy =<{2|[[H, X], X,]|®> (2.11¢)

We call H = {H,,} the Hessean for this variational problem.
Stationarity of £ with respect to variation of the ¢, leads to the conditions:

Dy +5Y, (Hy+Hy)e,+ =0 (2.12a)
!

Alternatively one can expand the Brillouin condition of Eq. (2.5):
0={<¢|e [H, X, ]e’|¢)> =< |[H, X;] +[[H, X], 6] +- |
=Dk +2Hk1C1+"' (2.12b)
7

which agrees with Eq. (2.12a) except that in Eq. (2.12b) the Hessean is not
symmetrized. The difference between Eqgs. (2.12a) and (2.12b) has to do with the
fact that the symmetrized Hessean is the second derivative 02E/dc, dc, at
¢, =¢; =0, while H,, is the second derivative at ¢, = ¢,(op?), ¢, = 0. One easily
sees that at the stationary point H,, becomes symmetric due to the Jacobi
identity

CPIH, Xl X1| 9y = CP|IH, X,), X ]| P> + <FP|H, X, X1 F> (2.13)

The second term on the r.h.s. of Eq. (2.13) vanishes in view of Eq. (2.5) because
[X., X,] € &,.. Provided that the test function @ was sufficiently close to the
desired ¥ such that the ¢, are all rather small, a solution of the system of Eqs.
(2.12) is possible by means of a Newton—Raphson algorithm, i.e. by iterative
solution of the linearized system:

DY+ HPcr+D =0 (2.14a)
!
o =Y cPX, (2.14b)
k
D =(®|e " "[H, X,]e°”| D) (2.14c)
HE) =(D| e ""[[H, X;], X,]e""| ) (2.14d)

When the iterative procedure converges, the Brillouin condition of Eq. (2.5) is
eventually satisfied.

Whether one uses the asymmetric or the symmetrized Hessean in Eq. (2.14)
can only affect the rate of convergence of the iteration scheme, not the final
result, because eventually the Hessean will become symmetric.

The system (2.14a) has a unique solution only if the matrix H® is non-
singular. This implies that one has to remove redundancies before one solves Eq.
(2.14a). We come back to this point in Sect. 6.
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If all eigenvalues of the converged Hessean are positive, the expectation value
E is a local minimum, otherwise a saddle point or a higher-order stationary point
[24].

Of course, the final result does not only depend on the choice of the
‘variational group’ ¢, but also on the trial function ¢. Since all @’ that are
related to a given @ by means of a unitary transformation contained in ¥, are
equivalent to &, they lead to the same approximate results for the same
eigenvalue of H. A particular variational approach is specified by 4 and by a
member of the family of equivalent &.

To give an illustration (for more examples and details see Sect. 3) we may
choose the variational group as the group of all unitary one-particle transforma-
tions on spin-orbital level and @ as an arbitrary single Slater determinant. This
defines unrestricted Hartree—Fock theory. A generalized Hartree—Fock theory
on these lines has probably first been derived by B. Levy [22].

The Lie-algebraic formulation of the variation principle is not limited to pure
states. It is easily generalizable to ensemble states. In this case the basic
equations are:

E =Tt{HT} (2.15a)
Tr{[{H, X]I'} =0, VXe 2, (2.15b)

Most early papers on the construction of wave functions that satisfy certain
hypervirial relations [9, 11] were concerned with variational problems that
depend on a single parameter or occasionally on two parameters. In this context
it was observed relatively late [13] that simplifications arise if there is a Lie-
algebraic structure. In generalized SCF theory this structure has been exploited
much earlier [22], at least implicitly.

3. Examples of variational groups
From now on we no longer use a tilde to indicate trial functions or energies.

Our first example is the group of scale transformations [2, 9—-12]. We consider
the family of wave functions (with 4 real):

Y, = VPP, AFy, .. . AF,) (3.1
Noting that by means of Taylor’s theorem:
0
Y, =exp|l(A~1) (—) :l 1'4 3.2
: [ ), % (32)
and that
0 5
=Y. =Y /-V,.7, 3.3
04 K=
We get
¥, =exp [(/l—l) Y F -Vk] Y, (3.4)
k=1

The transformation given by Eq. (3.4) is not unitary (norm-conserving), but
unitarity can easily be achieved by taking the antihermitean part of the argument



270 W. Kutzelnigg
of the exponential. The group of unitary scale transformations hence has the
elements:

U, =exp[(4 — 1)X] (3.5a)

X =

=
1=

(Fe Vi + V- 7) (3.5b)

k=1

and the Lie algebra &, consists of the single element X and its multiples.
Let V' be homogeneous in the 7, of degree v, then the stationarity condition
of Eq. (2.5) becomes:

0=<¥,|[H X]|P,>=<¥,;|2T —vV|¥,> (3.6)

which is, of course, nothing but the well-known wvirial theorem, a special
hypervirial theorem, that holds if the energy is stationary with respect to scale
transformations.

The one-parameter group of scale transformations characterizes a particular
non-linear variational problem. Let us now consider linear variations for an
N-electron system. As usual we start by taking a finite-dimensional N-electron
Hilbert space in which an orthonormal basis {¢, } can be chosen. The variational
group is then that of all unitary transformations within the Hilbert space ¢ . A
basis of the corresponding complex Lie algebra .#.. consists of the shift operators
(for ¢, normalized to unity):

Xkl = |¢k><¢1| (3-7)
while the operators:
X/:l =Xk1_XIk5 X}?} zl{Xk1+Xlk} fork(l, XI:}clekk (38)

are a basis of the real Lie algebra &, (see appendix A).

Of course, one may choose a different basis {¢} } related to {¢,} by means
of a unitary transformation within ¢ and the shift operators in terms of {¢; } are
an equivalent basis of & ..

The stationarity conditions of Eq. (2.5) become:

CH, X 1| = CP[H (¢ X< | ¥> — (¥ <, |H|P>=0, Vk,I (3.9)

It is no loss of generality to choose the ¢, such that they diagonalize the matrix
representation of the Hamiltonian H in 5#,. Then one sees easily that Eq. (3.9)
is satisfied if ¥ is equal to one of the ¢,.

The recommended (and, of course, well-known) way to satisfy Eq. (3.9)
consists hence in diagonalizing the matrix representation of the Hamiltonian.
Alternatively one can apply the Newton—Raphson approach characterized by
Eq. (2.14) or an efficient variant of it, as shown in appendix B.

If in the same variational space we consider stationarity of the energy with
respect to an ensemble, Eq. (2.15b) becomes:

Tr{[l', H)Xy} = Tr{$,|[T, H]|¢; > =0 (3.10)

This is satisfied if the projections of I and H onto 5, commute, i.e. if they have
common eigenfunctions in #,, or that I" is of the form:

F:;vk|¢k><¢k’ (3.11)

in terms of the ¢, that diagonalize the matrix {¢,|H|¢,>.
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A very important variational group is that of one-particle transformations.
The generators of this group (hence a basis of #,) are the one-particle excitation
operators a, if one considers transformations on spin-orbital level, or E¢ for the
transformations between spinfree orbitals.

ai =a‘a, = aja, (3.12a)
Ef =ak +af, (3.12b)

We follow the tensor notation for (particle number conserving) normal ordered

products of creation and annihilation operators [14, 16]. The operator a” = aj

creates an electron in sp1n—0rb1ta1 Xp» While a, is the correspondmg ann1h11at10n

operator. The set {y,} of spin-orbitals is, for s convenience, chosen orthonormal.
-A basis of &, consists of:

alb —aj, i(ah +aj}) forp<gq; iah (3.13)

and analogously in the spinfree case.

The group generated by the af is relevant for unrestricted Hartree—Fock
theory, that generated by the Ef for restricted Hartree—Fock theory. Either
group defines a non-linear varlatlonal problem.

Unfortunately the two-electron transformations:

= exp {”Z i’f]ai’s"}, A = — Jpax (3.14)
q.r,5

that have been considered occasionally [20], don’t constitute a unitary group
(except for genuine two-electron systems), since the a?? are not a basis of a Lie
algebra. In fact, the commutator of two-particle operators a¢?¢ and a®, also
contains three-particle operators etc. So with respect to transformations of the
type of Eq. (3.14) the present theory is not applicable, unless one includes for an
N-electron system excitation operators of all particle rank up to N.

The variational group corresponding to full CI is generated by the excitation
operators:

ab, ad, aby, . .. (3.15)

up to N-particle excitation rank, in terms of a given one-electron basis {y, }.

Our main concern is stationarity of E. It may often also be recommended to
check whether E is a (local) minimum, i.e. whether all eigenvalues of the Hessean
are non-negative [24].

Sometimes one is interested in relating stationarity or minimum properties of
an energy expectation values with respect to two variational groups 4, and 4,
such that one is a subgroup of the other, say 4, > %,. If E determined as a
minimum with respect to ¢, remains a minimum with respect to %.,, it is said to
be ‘stable’ against extension from %, to %,. This is somehow an indication that
%, was well chosen. If E changes to first order for first-order variations within
%,, but not within ¢, i.e. if (for ¥, and %, the Lie algebras associated with ¥,
and %,):

(P|H, X]|P>#0 for XeP,, X¢2, (3.16)

E is said to be first order unstable. Second order instability is realized if the
Brillouin condition holds for all X in %,, but if E is no longer a minimum, but
a saddle point or some other stationary point, i.e. if the Hessean in terms of %,
has at least one negative eigenvalue (but not that in terms of %£)).
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A typical case is that of Hartree—Fock instability [24]. Take a closed-shell
state with @ a closed-shell Slater determinant and choose %, as the Lie algebra
with basis operators defined by Eq. (3.12b) and %, with basis operators of Eq.
(3.12a). Let the Brillouin condition of Eq. (2.5) be satisfied for all X € %;. Then
Eq. (2.5) will automatically be satisfied for all X € .%,, because the extra
operators in %, not contained in %, are of the form:

aby —alh (3.17)

These are not spin-conserving, but the RHF wave function @ is a pure-spin state
and the Brillouin matrix elements vanish for symmetry reasons. So 1st order
Hartree—Fock instability is not possible for a closed-shell state, but 2nd order
instability may occur, with the effect that a spin-contaminated Slater-determinant
wave function @ has a lower energy than a pure spin ¢. Since an energy lowering
is achieved by a reduction of the symmetry one refers to this type of Hartree—
Fock instabilities also as symmetry breaking.

One may further extend the Lie algebra of operators in Eq. (3.12a) by
including double creation and double annihilation operators:

afa’, a,q, (3.18)

One has then still a Lie algebra [14], but the corresponding Lie group is not
particle-number-conserving. The Lie group generated by the operators in Eq.
(3.12a) is known as U(n), the unitary group of dimension n, the Lie algebra
augmented by the operators (3.18) generates SO(2n) the special orthogonal
group of dimension 2n. The Brillouin conditions of Eq. (2.5) with operators of
type. (3.18) vanish for particle-number non-conserving wave functions. So again
there is no first-order instability. Second-order particle-number instability, i.e.
energy lowering for a non-particle-number conserving wave function is supposed
to be an essential feature of superconductivity ground states.

4. The perturbation expansion

We now consider a Hamiltonian H(A) that depends parametrically on A. The
expectation value to be made stationary is:

EQ) =<YW|HD)[PA)>; <PFD[PA)> =1 (4.1a)

H()) = Hy+ AH, + A’H, + - - - (4.1b)

The expansion in powers of A can be finite (a polynomial) or infinite (a power

series), but in the latter case some non-trivial problems concerning the analyticity

of H may arise. We assume here that H(2) is a polynomial, without specifying its
degree.

We choose the variational group so that the dependence of ¥ on A can

appropriately be described as [11,12] (this is, in a way, the key feature of
stationary perturbation theory).

Yy =e"Py; Y(A) e, Y,=%(0) (4.2)

In the philosophy of perturbation theory we make the ansatz:

Y(h) = i ARY, (4.3)
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and we expand the expectation value of Eq. (4.1) with ¥ given by Eqgs. (4.2, 3)
in powers of A:

E(A) = i A*E, (4.9

k=0
E,= <¥’0|H0|W0> (4.5a)
E1=<'P0|[Ho; Yl] +H1|T0> (4-5b)

E,= <'P0|[HOa Y,] +3([Ho, Y11, Y] +[H,, Y] +H2|'Po> (4.50)
E3 = <T0|[H0a Ys] +%[[H0> Yl]: Yz] +%[[Ho, Yz], Yl]
+H[H,y, Y11, Y11, Y\ ] +[H,, Ya] +3[lH;, Y, Y]+ [Hy, Y]+ Hs |, (4.5d)

We now require that the Brillouin condition of Eq. (2.5) holds for all 4, at least
for A sufficiently close to 0. We hence insert Eqs. (4.2) and (4.3) into Eq. (2.5)
and collect powers of 4 with the results:

Co = {¥|[Hy, X]|¥,> =0 (4.6a)

Cy = ¥|[[Hy, X1, Y] +[H, X]|¥o)> =0 (4.6b)

Cy = (Wo|[[Hy, X], Yol +3{l[H,, X1, Y11, Yi1 +[[Hy, X), Y] +[H,, X]|¥o) =0
(4.6¢c)

for all X e Z..

Since by assumption Y € &, we can if Eq. (4.6a) holds, i.e. if the stationary
condition is satisfied for the uperturbed problem, omit all contributions
{¥,|[Hy, Y. 1|¥,> in Eq. (4.5b,c,d), in particular replace Eq. (4.5b) by:

E1=<Y’0|H1|‘I’0> (4-7)

which is, of course, the Hellmann—Feynman theorem in the framework of
stationary perturbation theory [9].

If Eq. (4.6a) holds, Eq. (4.6b) can, by means of the Jacobi identity for double
commutators and noting that [X, Y;] € &£, be rewritten in the following equiva-
lent forms:

<To|[H15 X1 +[[H,, Y], X]|lP0>=0 (4.8a)
<qjo|[X17 X] +%[[Ho, X], Yl] +%[[H05 Yl]a X]|Wo> =0 (4-8b)

Equation (4.8b) is easily seen to be the condition that E, as given by Eq. (4.5¢)
is stationary with respect to variation of Y;, or that the following functional:

F(Y)) =<¥|lHy, Vil +30lHo, Y11, Thl|Po>;  0F(Y)) =0 (4.9)

is stationary with respect to variation of Y;. We call Eq. (4.9) the Lie-algebraic
Hylleraas functional (the relation to the conventional form of the latter is pointed
out later in this section).

If Eqgs. (4.6a) and (4.6b) or Eq. (4.8) is satisfied, the expressions of Eqgs.
(4.5¢,d) for E, and E; are simplified to:

E2:%<'1U0|[H1’ Y1]|W0>+<T0|H2|Wo> (4.10)
Ey = Po[[[Ho, Y11, 111, Y11|¥0) +35<P|[[H,, Y11, 11| %)
+ < W|[H2, 1] + H3| Py (4.11)

In order to evaluate E, and E; we only need to know Y. (This is a special case
of Wigner’s [2n + 1]-rule.)
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If we know the Hessean of Eq. (2.11b) for the unperturbed Hamiltonian Hy,
we can construct Y, by solution of a linear system of equations. Let us expand
Y in %, and define the matrix elements V:

Yl:;cka; Vk=<lPo|[H13 Xk]lq/()); X, e?, (4.12)

then Eq. (4.6b) becomes for X = X;:
V]"'ZH(I)ka =0 (4133.)

P
Hj, = <Tol[[Hos X1, X;] I Yy (4.13b)

As already mentioned previously (Sect. 2) a unique solution of a system like
Eq. (4.13a) requires that H° is non-singular, i.e. that redundancies are removed,
as to be indicated in Sect. 6.

To see the relation between Eq. (4.9) and the Hylleraas variation principle,
we consider the variational group corresponding to a finite-dimensional Hilbert
space with the basis of Eq. (3.7) of the Lie algebra. Choosing the ¢, such that
they diagonalize {¢, |H,|¢,>, defining:

Y |¥ =¥ (4.14)
and noting the antihermiticity of Y; we get from Eq. (4.9):
F(¥)) =2Re{P,|V|¥,> +<¥,|Hy — Eo| ¥, (4.15)

which is, in fact, the conventional Hylleraas functional.

If one uses the formalism of this section for the unitary group of one-particle
transformations generated by the operators of Eqs. (3.12a) or (3.12b) one is
automatically led to coupled-Hartree—Fock theory.

5. Muitiple perturbations

We now consider a Hamiltonian that depends on more than one perturbation
parameter. For the sake of simplicity we choose:

H(A, @) = Hy + AV o+ uVy, (5.1)
The counterpart of Eq. (4.1a) is then:
E(4, W) =<'P|Ho+)-V10+ﬂV01"P> (5.2)
and in analogy to Egs. (4.2, 3) we have:
YA, p =e"?P, (5.3a)
Y=3 Y Au'Yy;  k=1=0 excluded (5.3b)
k=01=0
Instead of Eq. (4.6) we then get (we write 0 for 00):
Co=<¥|[H,, X1|¥5> =0 (5.4a)
C105<II]0|[[H0,X], Yol + V1o, X]|‘P0>=O (5.4b)

Cor = (W[ X5, X1, You] + [Voy, X1|¥o> =0 (5.4c)
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Ch= <lP0|[[H0, X1, Y11 +5l[Ho, X1, Yol Yol + 3[1Ho. X1, Yiol, Youl
+[[Vie» X1, Youl + Vo1, X1, Yyl I Yo> =0 (5.4d)
Cao = C¥o|[[Ho» XT, Yool +4{[[Ho, X1, Vigl, Yiol + (V100 X1, Yol [#5> =0 (S.40)
Coz = (¥o|[[Hy, X1, Yo,] +3M[Ho, X1, Youl, Yo, 1+[[Vor, X1, Yo 1| ¥o> =0 (5.40)
The counterpart of Eqs. (4.4, 5) is:

EG, =Y Y AuE, (59)
k=01=0
Ey={¥o|Ho|¥> (5.62)
Eo= <'P0|[H05 Yol + VIOI'P0> (5.6b)
Ey = <lPo|[Ho, Yol + V01|'Po> (5.6¢)
Ezo = <T0|[Ho, Yzo] + %[[HOS YlO]a Yw] + [VIO’ Y10]|lpo> (5-6d)
Eg, = {¥,|[H,» Yool +3[[Hos Yoil, You] + WVors Youl| o) (5.6e)
E,= <¥/0|[H0’ Y111 +3[Hos Yiol, Yo +3[[Hos Yoils Yio)
+ V105 Yol + Vors Y10l |¥o (5.6f)

We don’t write expressions for E,;, E,, and E,, that are very lengthy. We can
simplify Eqgs. (5.6), provided that Eqs. (5.4) are satisfied. In analogy to Eq. (4.7)
we get:

E10=<'P0|V10“I’0> (5.7a)
E01 = <'P0| V01 |'1Uo> (5-7b)
The simplifications of the type of Eq. (4.10) are:
Ey = %<'P0|[V10, Y10]|T0> (5.8a)
E02=%<'I’0|[V01, Y01”To> (5.8b)
E,= %('I’0|[V10, Yol +WVors Y1o]llpo> (5.8¢)

E, = <'I]o|%[[V1o; Yiol, Yol +3[[Vor» Yiol Yol
+%[[V105 YOl]a YIO] +%[[[H0> Y]O]:r Y01]9 YIO]
+§ll[Hy, Yiol, Yol Youl +&ll[Ho, Youl, Yol Yio]|Po)>  (5.8d)

E,, is like E,, just with ¥V, exchanged with V;, and Y,, with Y.
Using Egs. (5.4b,c) we can rewrite Eq. (5.8¢) as:

Eyy = —3¥|[[H,, Yiol, Yol + [[Ho, Youl, Y1o]|¥o> (5.9

which can by means of the Jacobi identity, the Lie-algebraic property and Eq.
(5.4a) be written as:

En = —<qjo|[[Ho, YlO]o Ym]ITo) = —<1P0|[[Ho, YOl]a Y10]W’0> (5-10)
Using again Eqgs. (5.4b,c) we get finally:
Ey = <¥|[Vie, Yol |¥o)> = <P [Vor> Yiol|¥o) (5.11)

which is the equivalent of the exchange theorem of traditional perturbation
theory [25].
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In a similar way, making extensive use of the Jacobi identity of Eq. (5.8d)
can be reformulated to:

Ey =5<{¥|[[V10> Y10} Yoil + V105 Yoil> Y10l + [[Vor» Yiols Yio
+ [[[H05 YlO]: YOl]a YIO] | 'II0>
=%<TOI2[[V10> Yiol Yol + Vo1, Y10l Yiol + [[[Ho, Y10l Yiol, Yor1|¥o)

=%<T012[[V107 Y01]7 YIO] + [[V017 YlO]’ YIO] + [[[Ho, Y01]9 YlO]: YIO] I W0>
(5.12)

The first of these three expressions is most symmetric, the other two are
somewhat simpler. For the evaluation of E,, only Y, and Y,; are needed.
The expression for E, is again obtained exchanging the two subscripts.
After a somewhat lengthy reformulation one gets the following result for E,,
in terms of Yy, Yy, Yy, and Y;, (but not Y,,).

Ey = 3{¥o|llV105 Y], Youl + 2[[V105 Yiol, Yool + Vo1, Yiol, Yuu]
+V10s Yiol, Yorl. Youl +3lVor, Yiolo Yorl, Yiol +3[[¥ 01, Y10l Yiol, Youl
+3([Hs, Yiol. Yool, Yio] +3ll[Ho, Yiol, Yiol: Yool +3[lHo, Yiols Yuil, Youl
+3(l[Ho, Yiol. Yorl, Yuu] +3llllHo, Yol Yaul, Yol Youl[¥o> (5.13)

An alternative expression is obtained if one exchanges everywhere the first with
the second subscript. It then involves Y,, and Y,,, but not Y,,. Equation (5.13)
may look lengthy, but the corresponding expression is conventional double
perturbation theory is hardly more compact.

6. The spectrum of the Hessean and generalized RPA
6.1. The Hessean in a basis of the complex Lie algebra £,

In principle, the Lie-algebraic formulation of the variation principle as well as of
stationary perturbation theory is possible in terms of the real Lie algebra &, of
antihermitean operators only. It is, nevertheless, often convenient to refer to the
full complex Lie algebra %, and to admit other than antihermitean operators,
because a basis of &, is often formally simpler, and also because one gains
additional insight into the structure of the theory. We have already seen that it
makes no difference for the generalized Brillouin condition of Eq. (2.5) whether
we formulate it in terms of X € %, or X € %.. However, the original definition
of Eq. (2.11b) of the Hessean as well as its specification in Eq. (4.13b) for the
unperturbed Hamiltonian is only valid for anithermitean X. A generalized
definition is possible for arbitrary X, that reduces to Eq. (4.13b) for anither-
mitean X, namely:

Hy = WollXT, [Ho, X/11|¥0o> (6.1)

We henceforth omit the superscript 0 on Hy, to indicate that it refers to the
unperturbed Hamiltonian H,. One is, of course, free how to choose H, and the
results of this section are independent of this choice.
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By means of the Jacobi identity, the Lie-algebraic property and the stationar-
ity condition we can show that an alternative expression equivalent to Eq. (6.1)
is:
Hyy = —<¥o|[Hy, [X), X[ Po) — <WollX,, [XT, Holl| P>

= (Wo|[X,, [Ho, X111 P> (6.2)
From Egs. (6.1) and ( 6.2) one sees immediately that H is a hermitean matrix, i.e.
H,, = H}. For the special case that X] = —X,, H is even real symmetric.
If we define the superoperator ## of commutation with Hy:
HX =[H,, X] (6.3)
the matrix elements of the Hessean can also be written as:
Hy, = <IPOI[X %Xl]|q’0>=<qlol[Xl’ WXL]IT0> (6-4)

As a hermitean matrix H has only real eigenvalues and an orthonormal set of
eigenvectors. The rank of H is equal to the number of its non-zero eigenvalues.

In perturbation theory in order to construct E, and E; we have first to
evaluate Y| from Eq. (4.8a) (or the equivalent expressions of Eqs. (4.6a), (4.8b)).
While in Sect. 4 we have expanded Y, in a basis of &, with the result of Eq.
(4.13), we now expand it in a basis {X,} of Z..

Y1=Zkak; Vk=<T0|[H1: Xk]|T0>§ X, e, (6.5)
&

such that:
3

6.2. Eigenvalues, regularization, and inverse of the Hessean

The linear system of Eqs. (4.13a) or (6.6) has unique solutions only if H is
regular, i.e. has no zero eigenvalues. What we need is hence not the matrix H in
terms of a complete basis of &, (or %), but rather in terms of a non-redundant
set. Formally this can be achieved by solving the eigenvalue problem:

2 Hklcgﬂ) = (J)‘uC;{H) (6.7)
1

and discarding all eigenvectors with zero eigenvalues. In practice a non-
redundant set of basis operators X, is often found by inspection, so that a
regularization via solution of Eq. (6.7) is not necessary. In the Hartree—Fock
case for a closed-shell state a basis of .#. are the operators a? (see Eq. (3.122)) .
in terms of a given orthogonal one- electron basis y,. Let the ' spin-orbitals y; be
occupied in ¥, and the y, unoccupied (virtual), then a non- -redundant operator
basis (with respect to ¥,) consists of the operators a? and a/,

We come back to the regularization of Eq. (6. 6) later in this section. We
assume now that a basis has been found such that H is non-singular.

One casily sees that the Y, constructed from Egs. (6.5, 6) is antihermitean.
In fact let us alternatively to Eq. (6.5) expand Y, in the X}. Then from the
counterpart of Eq. (6.6) the expansion coefficients turn out to be —b¥.

In order to construct the first-order perturbation operator Y;, the solution of
the linear system of Egs. (6.6) is the method of choice if only one perturbation
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is considered. However, if one wants to study several perturbations for the same
unperturbed problem, other approaches may be preferable. One of these is to
first invert H (of course, after having eliminated all redundancies in the operator
basis).

G=H" (6.8)
One then gets (provided that H, =0, cf. Eq. (4.10)):
Yl =zk:kak = — Z:[XkalV;k (693)
k;
Ez‘%zkak=—%ZVka1Vf (6.9b)
k k,l

The inverse of the Hessean obviously plays a similar role as the resolvent in the
conventional formulation of perturbation theory. For a unique definition of G
one must, however, worry about the normalization of operators. Imagine, e.g.,
that all basis operators are multiplied by a common scalar A. Then H is
multiplied by A2, G by 472, the V, by A, while ¥, and E, remain invariant. We
come back to this point below.

It is, of course, possible to construct the inverse of H in the spectral
representation. Let us define the operators: -

Q, Z cPX, X, e?, (6.10)
with the ¢ satisfying the eigenvalue Eq. (6.7) and the eigenvectors normalized
to 1. Then we get:

H,, = {P|[Q], [Hy, @ |'I/0>—a)ﬂ5 (6.11)

and G is a diagonal operator with d1agona1 elements w, '. We can then expand
Y, in the basis of the Q, (for o, #0) and get:

=-Yd, ﬂz—Zw;lﬁjQu (6.12a)
2 H
E=YdV, ==Y Vo'V, (6.12b)
I3 H
V, = <PolHy, 21| ¥od (6.13)

This reminds us of the sum-over-state expressions of traditional perturbation
theory and it suggests that the eigenvalues w, of the Hessean may be interpreted
as transition energies. However, the same reservation must be made as with
respect to the inverse G of H. Imagine that all basis operators are multiplied by
A, then w, is multiplied by 4%, Q, and V, by 4, but ¥, and E, remain unchanged.
In order to identify the @, with transition energies we must be able to normalize
operators, which requires that we have first to define a scalar product in operator
space.

Before we study this problem of the normalization of operators, a remark
concerning the regularization of the system of Eq. (6.6) by elimination of
eigenoperators 2, with w, = 0 is in order. Two cases are possible. In case (a) the
matrix elements VM vanish for all Q, with w, =0. Then the solutions Y; of the
regularized and non-regularized system of Eq. (6.6) differ only in an arbitrary
solution of the homogeneous system H¢ =0, which has no effect on E,. The
regularization only serves to make the solution unique, it corresponds to a
specific normalization of the wave operator in conventional perturbation theory
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[16]. In case (b) some 17# for @, =0 do not vanish. Then the non-regularized
system of Eq. (6.6) has no solution at all and the solution of the regularized
system may not be meaningful. This case is, e.g., realized if ¥, is degenerate with
some Q,¥,. Then a generalization of stationarity perturbation theory to degen-
erate states is necessary. We come to this in Sect. 10.

6.3. A metric in operator space. Model transition operators
and transition energies

Note that the following considerations are only relevant if we want to define
model excitations within the framework of the variational group. For the
evaluation of Y, or E, it is perfectly straightforward to diagonalize H in the
naive sense and to use Eqgs. (6.12—13) without worrying about normalization.

Assume for a moment that II, is an exact excitation operator. It then
satisfies:

HI, =[Hy, 11,]=¢,II, (6.14)
where ¢, is the corresponding exact transition energy. Then:
<T0|[H$, [H0= Hu]] l T0> = 8;4 <TOI[HI: Hu] I .:P0> (615)

The expression on the left side is the matrix element of the Hessean in terms of
the IT,. This suggests to regard:

Ak1=<lIlo|[Xz,Xl]llPo> (6-16)

as the desired scalar product in operator space. Unfortunately, this 4, is not a
scalar product in the strict sense since it is not positive-definite. Such products
are sometimes referred to as ‘binary products’. One might define a genuine scalar
product as (¥,|X]X,|¥,>, but this would involve an ordinary product of
operators rather than a Lie product and would hence not be consistent with the
Lie-algebraic structure of the theory. With the binary product (6.16) we can now
replace the eigenvalue Eq. (6.7) by:

Z Hya = g, Z A a8 (6.17)
7 7

The eigenvalues and cigenvectors will no longer be the same as in Eq. (6.7), so
we have changed their symbols.

The system of Eq. (6.17) is reminiscent of the random-phase approximation
(RPA) and it represents in fact its straightforward generalization to arbitrary
variational groups. We note that any variational group, which has originally been
introduced in view of minimizing an expectation value, automatically generates a
model excitation spectrum for the respective state.

The eigenvectors ¢ are orthogonal in the sense:

Y at'd,af? =0 for e, #e* (6.18)

k1
and we can orthonormalize them so that:

; af® Ayaf’ = £6,, (6.19)

where some of the vectors are ‘normalized’ to +1, the others to — 1. We define
the model excitation operators (changing now the meaning of IT, with respect to
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Egs. (6.14, 15) from exact to model excitation operators):
o,=y% aXx, (6.20)
k

and these are orthogonal with respect to the metric characterized by 4 and
normalized to either +1 or —1. For the matrix elements of the Hessean in terms
of the I, we get: ‘

H,, =P\l [Hy, ]| ¥o) = &, {¥o| [T}, I,]| ¥o>

=&, A, =4,,8,0,, = +¢,0,, (6.21)
We can, in analogy to Egs. (6.12—13) expand Y in the IT, (for ¢, # 0):
ﬁ=;ﬂﬂ=—§gjhﬁm (6.222)
E2=%%:fﬂlz = —%gjﬂi;fs;li (6.22b)
V., = (WollH,, I1,]| o) (6.22¢)

A few comments on the eigenvalue system of Eq. (6.17) are in order. While the
‘eigenoperators’ of the original Hesscan are either hermitean or antihermitean
(i.e. H factorizes into noninteracting blocks corresponding to hermitean and
antihermitean X,) this is no longer the case for the eigenvectors in the sense of
Eq. (6.17). These are neither hermitean nor antihermitean. Pure hermitean or
antihermitean operators have even zero norm with the metric of Eq. (6.16).

On the other hand, if 11, is an eigenoperator to the eigenvalue ¢,, then also
IT] is an eigenoperator, but with eigenvalue —e¥. This is, e.g., seen if one writes
the eigenvalue Eq. (6.17) in the form:

CPollXT, [Hy, I1,]| o) = &, ol [XT, T1,]|¥0) (6.23a)
and takes the complex conjugate:
CWollX, [Ho, LT[ Wo) = —ei (Wol[X, 1T[]| o) (6.23b)

The Y, constructed from Eq. (6.22a) is antihermitean, which means that alterna-
tively to Eq. (6.22a) we can write:

Y, =Y fEmt (6.23¢)
u

Of course, eigenoperators with excitation energy ¢, = 0 in Eq. (6.17) must be
discarded. It is not obvious that a non-redundant operator basis in the ‘naive’
metric and the metric defined by 4 should necessarily be identical, i.e. that the
operator spaces corresponding to eigenvalues w, =0 of Eq. (6.5) or ¢, = 0 of Eq.
(6.17) will generally agree. In those cases when a non-redundant basis is found
by simple inspection this will probably be the case, e.g. for the example
mentioned after Eq. (6.7).

Generally one cannot exclude that some eigenvalues ¢, are complex. This
indicates that the chosen variational group does not necessarily generate a
physically reasonable model excitation spectrum, but this does not invalidate the
construction of Y, or E,.

The model excitation energies ¢, introduced in a somewhat ad-hoc way as
eigenvalues of the system of Eq. (6.17) will get a more direct physical meaning
in the context of time-dependent theory (Sect. 9).
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Let us now consider a somewhat restricted case. Assume that a non-redun-
dant basis of ¥, can be found which consists of two subsets such that the
elements X, of one set have the property (which we call the excitation—deexcita-
tion separation condition):

XL =0,  X,|¥)#0 (6.24)

and that the elements of the other set are just the hermitean conjugates Z, = X|,.
Then this condition (Eq. (6.24)) guarantees that one can uniquely define a basis
of excitation and deexcitation operators with respect to ¥,. It does not guaran-
tee — as we shall see soon — that a condition analogous to Eq. (6.24) also holds
for the eigenoperators II,. Equation (6.24) does, e.g., hold in coupled-Hartree—
Fock theory for ¥, a single Slater determinant, but not necessarily in coupled
MC-SCF theory. If Eq. (6.24) holds, H and 4 have the following block structure:

g-(3 o) a3 ) (625)
CPo|X X,1| B ) = (Wl XX, |#0> = S, (6.263)
CPO|IXT, Z) W0y = CW|IZ], X,]| o> =0 (6.26b)

(PolZL, Z,]| o) = —(WPo| X1 X, |Po) = —S,, (6.26¢)
ol (X (Ho, X1 | o) = 4, (6.272)
(WollXT, [Ho, Z,T1| P> = B, (6.27b)

In this case the eigenoperators II, are linear combinations of both the basis
operators X, and the Z, = X]. As a consequence, one gets:

I} %oy #0;  I1,|¥,> #0 (6.28)

The second of these inequalities is as desired, since action of an excitation
operator on ¥, should change this to the wave function of an excited state. The
first inequality in Eq. (6.28) is less welcome, because an exact deexcitation
operator should annihilate ¥,. If IT* fails to deexcite ¥,, this is an indication of
some inconsistency. Either I is a too poor approximation to the exact excitation
operator or ¥, is a too poor approximation to the exact ground state.

This phenomenon is known from traditional RPA theory where the one-
particle excitation operators in Eq. (3.12a) are taken as basis of #,. A remedy
has been proposed with the somewhat awkward name ‘killer condition’ [26],
which consists in changing ¥, so that IT},|¥,> = 0. In the present context this
would not make too much sense, but rather violate the main philosophy of
stationary perturbation theory.

A still more special case is realized if the B block vanishes. Then we only
need to solve the eigenvalue problem:

4é, =¢,S¢, (6.29)

in order to get the model excitation energies. The ¢, are all real and to each ¢,
also —e, is an eigenvalue of Eq. (6.17), ie. we get pairs of corresponding
excitation and deexcitation operators and energies. The RPA-inconsistency of
Eq. (6.28) then no longer arises.

The appearance of both model excitation and deexcitation operators and
energies is characteristic for the Lie-algebraic formulation of the variational
approach, and it even arises for linear variations, where the variational group is
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generated by the shift operators of Eq. (3.7). Let us consider a basis {¢, } of #
such that the matrix representation of the Hamiltonian is diagonal in this basis,
ie.

<¢p,HOl¢v> =Ey5uv; <¢yl¢v>=5uv (630)
and let ¥, = ¢,, then a non-redundant set of basis operators consists of:
Xu0=|¢u><¢0’; XOM =I¢0><¢y|:X205 H 7é0 (631)

their number is just 2N — 2, if N is the dimension of the basis in # .
For the matrix elements (6.26, 27) we get:

CWol[X o, X0l |Po) =0, (6.32a)

(ol (X3, Xou]|Pod = =96, (6.32b)
CWo|[X o> Xo]| Vo) = (Wol[X s Xl |Po) =0 (6.32¢)
CWol[X o, [Hos Xo]l|¥o) = 6,4 (E, — Eo) (6.33a)
CWol[X§, [Ho, Xo, 11| W0 = 6,0 (E, — Ey) (6.33b)

(ol [X o, [Hos Xou1l| Po) = CWo| (XD, [H, X011 o) =0 (6.33¢)

The off-diagonal blocks of H and 4 in Eq. (6.25) vanish. The eigenvalues of the
first block are just the model excitation energies E, — E, with eigenoperators X,,
and those of the second block are the deexcitation energies E,— E, with
eigenoperators X, = X7,.

Let us stress again, that for the evaluation of second-order properties E, by
perturbation theory the question how good the ‘model excitation energies’
generated by the variational group, approximate the exact spectral transition
energies, is of little relevance. The two requirements that the variational group
leads to a good approximation for E, and to a good approximation for the
excitation spectrum, are often not even compatible. This has to do with the fact
that the model spectrum is necessarily discrete, while the physical spectrum
contains a discrete and a continuum part. To take care of the role of both parts
is only possible via a model spectrum that has little agreement with the physical
discrete spectrum. This has also been known in the traditional formulation of
perturbation theory in a linear variational space.

The situation changes somewhat if the perturbation is time-dependent and
periodic since then resonance phenomena related to spectral excitations arise,
and the model excitation energies ¢, in the sense of Eq. (6.17) get a very concrete
meaning (see Sect. 9).

7. Real and complex Hamiltonians

Often (essentially in the absence of magnetic interactions) the Hamiltonian is
real. In this case its eigenfunctions can be chosen real and it is sufficient to
require stationarity in the sense of Eq. (2.1) for the subgroup %, of unitary
transformations U that transform a real ¥ to a real ¥, i.e. for the corresponding
subgroup %, of real orthogonal transformations imbedded in ¢. The generators
of 4, are real antihermitean operators (real in the same sense as the operators
U € ¥, are real, see appendix A). The real Lie algebra %, of 4 is a direct sum
of the Lie algebra ., of ¥, and the coset ¥, of imaginary antihermitean
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operators (note that €, is not a Lie algebra since the commutator of two
imaginary operators is real)

For a real H the Brillouin condition of Eq. (2. 5) is automatlcally satisfied for
all X ¢ &, since the expectation value of an imaginary hermitean operator
vanishes. Hence if Eq. (2.5) holds for all X € &, it holds for all X € ¥, and all
XeZ..

If H=H,+ AH, and if both H, and H, are real, stationary perturbation
theory as outlined in Sect. 4 can be formulated entirely with reference to &,
instead of .%,. This also holds if H is a higher-order polynomial in 4 with all
coefficients real.

The next common case is that H, is real and H, imaginary, or to include the
case of magnetic perturbations, that H, is real for £ even and imaginary for k
odd. We see from Eq. (4.5) that then the Y, must be imaginary for £ odd and
real for k even. If we are only interested in E, and Y, we have to solve Egs. (4.6)
or (4.8) for Y;. Obviously, Y, is a linear combination (Eq. (4.12)) of the X, € €.
The V,, Hy and B, in Eq. (4.13) are then real.

Note that the Hessean matrix H,, needed in Eq. (4.13) is different for real
and imaginary perturbations. In the former case it is defined as Eq. (2.11b) in
terms of a basis X, € &, in the latter case for X, € €,.

The formalism of Sect. 6 requires a basis of the full complex Lie algebra &,
it is especially not possible to formulate the eigenvalue problem of Eq. (6.17) in
terms of a basis of &, or ¥, only. In the general case there arises no
simplification for either real or imaginary perturbations.

These general considerations play a role in coupled-Hartree—Fock theory for
real and imaginary perturbations repectively (see paper II of this series [4]).

8. Stafionarity with respect to two or more independent variational groups

Often one does not consider stationarity of the energy with respect to one
variational group, but with respect to two or more independent groups. Two
situations are possible: (a) the elements of the two groups commute, (b) they
don’t commute.

In the case (a) one can define the direct product ¥ =¥, ® %, of the two
groups and regard this as the new variational group. The new Lie algebra % is
then simply the direct sum of the two Lie algebras ¥ = %, ® %,. Stationarity
with respect to ¥ is equivalent to stationarity with respect to %, and %,
independently.

Case (b) is more complicated. There is, of course, an embedding group %
that consists of all (multiple) products of elements of ¥, and %,, and the
corresponding Lie algebra & consists of all elements of ¥, and ¥, and their
linear combinations plus single and multiple commutators from elements of %,
and .%,. To require that a Brillouin theorem is satisfied for all X € & is a much
stronger condition than that it holds for all X € %, and all X € .%,. Usually we
will not demand that:

<T|[H’[X15X2]]lgj>=0; X e, X4, (8.1

This has the immediate consequence that, except for special choices of X; and
Xs:

CPIH, X,1, 51| P #<P|H, X,), X119 (8.2)
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i.e. that the Hessean defined by Eq. (2.11b) is non-symmetric (even if stationarity
is achieved). This is, at first glance, puzzling. Let us look, for a moment, at the
conventional formulation of the variational approach. One characterizes the
admitted wave functions uniquely by a set of parameters, say k), x, . .. k,. The
energy expectation value E is then a function of these parameters and the
stationarity conditions are:

o _

; k=1,2... 8.
il ; n (3.3)

In a Newton—Raphson approach to solve Eq. (8.3) starting from some initial
values of the x, one needs the second derivatives, which are, of course, symmet-
ric:

0’E 0’E
Ok, 0k, Ok, 0K, ©
and which constitute the Hessean, while Eq. (8.3) corresponds to the Brillouin
condition of Eq. (2.5).
In the present Lie-algebraic approach we characterize the operator U that

transforms an initial function @ to the optimized functions ¥ in terms of a set
of parameters c;:

(8.4)

U=exp) X (8.5)
k

This is always possible and unique if the X, are a basis of the Lie algebra
%, . It is a fortiori so if the X, commute. E is, for given ¢ and U, a function
of the ¢,. The Brillouin conditions of Eq. (2.5) are equivalent to Eq. (8.3)
and the Hessean of Eq. (8.4) agrees with the symmetrized Hessean of Eq.
(2.12a).

If we consider two variational groups that don’t commute, we can write a
common transformation as:

U=U1U2; Ulegl, Uzegz (863)
U,=expo,; o6,=ycPXP e, (8.6b)
k

However, the result depends on the order of the factors, and a wunique
parametrization of the wave function and hence a unique definition of a varia-
tional approach requires that one specifies the order in which elements of %, and
9, are to be multiplied. If this specification is made, second derivatives of the
energy are again symmetric, although the Hessean in the definition of Eq. (2.11b)
is not. Namely:

8E  0’E
dcH acP® 9P dc®

For the order specified by Eq. (8.6), one must commute A first with an element
of #,, then with one of .%,.
A Newton—Raphson approach is straightforward, based on:

E ={¢|ULUIHU,U,|¢> =<¢|H +[H, 0,] +[H, 0]
+%[[H5 0'1], 61] +%[[Ha 62]’ 0-2] + [[Ha 0-1]7 02] +- |¢> (88)

= (P |IH, X1, XP1| P (8.7)
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O0E
RO {$|[H, XP] +3[[H, X{"), 01] +1[H, 1], X]
k
+[H, XL oo] +- - [¢)>=0 (8.9a)
0E
RO (b |H, XP] +3[H, XP), ;] +3[[H, 6,], XP]
k
+[H, 6L XP1+---|¢p>=0 (8.9b)
In stationary perturbation theory in order to be consistent we make the ansatz:
P()) = e TP YD - YDe @,; YPe 2, (8.10)

and expand Y™ and Y® as in Eq. (4.3). Subscripts count orders of perturba-
tions theory. The result for the E, defined by Egs. (4.4, 5) is then:

E, = ¥|[Hy, Y+ YP] + H | P> (8.11a)
E, = {¥o|[H,, Y + Y] +5[[H,, YL, Y1 +5[[H,, Y, YT,
+[Hy, YO YO+ [H,, YO+ Y] + Hy| ¥ (8.11b)
The counterparts of the stationarity condition of Eq. (4.6b) are:
CPO|[[Ho, X§P1, Y + YO+ [H, Xl P> =0 (8.12a)

(WolllHo, XP1, Y1+ [[Ho, YL X2} +[Hy, XP]| P> =0 (8.12b)
The stationary results of Eqs. (4.7) and (4.10) become then:
E1 = <lPo|H1|lP0>
Ez = <T0l%[H1: Y(ll) + Y(zz)] + Hzi ‘P0>

An example for a variational approach with two non-commuting variational
groups is MC-SCF. Here ¥, is the group of linear CI type variations within the
‘active’ space, while %, is the group of orbital rotations like in ordinary SCF
theory. Consider, e.g., the case of CAS-SCF and label occupied (inactive)
orbitals as i, j, k . . . , partially occupied (active) orbitals as x, y, z, . . . and virtual
(unoccupied) orbitals as a, b,c,... . Let us start from a Slater determinant,
constructed from N; orbitals of type i and N, orbitals of type x. We now consider
the Lie algebra with basis:

Z.ay, a3, amy, . .. (8.13a)
With a unitary transformation generated by this Lie algebra %, we can create

any CI within the active space. We then apply any one-particle transformation in
the entire orbital space generated by:

Ly a?, af, a% and hermitean conjugates (8.13b)

This performs the desired orbital rotations.
The groups obviously don’t commute, since, e.g., (for different labels differ-
ent):

lax, asl=al, ¢ &1, (8.14)

As long as there are at least two electrons in active orbitals, the embedding group
% of 4, and ¥, is that of full CI generated by the basis of Eq. (3.15) of %..
(Labels p, g, r, s in Eq. (3.15) refer to arbitrary orbitals within the given basis.)
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In fact, commutation of the result of Eq. (8.14) with a? leads to a?, by two
more commutations with a4 and a? we arrive at ayf, while commutation of a@
with a7 leads to afy, from which we can arrive at ay° etc. So CAS-SCF appears
as an approximation to full CI, in which stationarity with respect to two subgroups
of the variational group of full CI is achieved.

Another example would be the combination of a linear variational approach
with 4, generated by the shift operator of Eq. (3.7) and scaling with %,
generated by Eq. (3.5b).

Since there has been some discussion in the literature [9, 10, 13] on the
meaning of stationarity with respect to two non-commuting variational groups
(using here the notation of the present paper) the following points must be made
clear.

1. Starting from a trial wave function and improving it iteratively in a Newton-
Raphson type approach it is always possible to construct a wave function that is
simultaneously stationary with respect to both groups. The coupling elements
between the two groups in the Hessean have, of course, to be taken care of.

2. Exchanging the factors U, and U, in the unitary transformation of Eq. (8.6a)
defines a different variational problem. Again it is possible to construct a wave
function stationary with respect to the two groups, but this need not be (and will
in general not be) the same as that obtained with the other order.

3. Often there is a ‘natural order’ of the two transformations, which leads to a
convenient expression for the matrix elements, while the opposite order is
difficult to handle. This is, e.g., the case for the example of MC-SCF mentioned
above.

In a somewhat different context a decomposition of the relevant Lie algebra
into a maximally soluble ideal and a semisimple subalgebra [17], leads to some
simplifications. All Lie algebras considered here are simple and hence not
decomposable.

9. Time-dependent perturbation theory
9.1. The stationarity principle

An approximative solution of the time-dependent Schrédinger equation:

{H—ih—g—t} Y =0 (9.12)

is often based on the so-called variation principle of Frenkel [27] (which can
even be traced back to Dirac [28]):

(5‘I’|H—ih%[¥’>=0 (9.1b)

This is certainly not a ‘variational principle’ in any. strict sense, not even a
stationarity principle since there is no functional of ¥ for which Eq. (9.1b) is the
stationarity condition. This is mainly due to the fact that i d/0r is not a
hermitean operator in the ordinary Hilbert space (see Sect. 9.7). Various
discussions and possible improvement of Frenkel’s principle can be found in the
literature [2, 18, 29—33]. Nevertheless, if Eq. (9.1b) holds for all possible 6% this
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is a necessary and sufficient condition for ¥ to solve Eq. (9.1a). One can rewrite
Eq. (9.1b) as:

Plx (H—iha%>|'}’>=0, (9.1c)

which is equivalent to Eq. (9.1b) if one considers all possible X. The questions
arises what Eq. (9.1c) implies if one restricts it to a set of X € &, that constitute
the Lie algebra of a variational group. If we replace X in Eq. (9.1c) by X' and
take the complex conjugate and then the sum as well as the difference of this with
Eq. (9.1c) we get:

0 oxX i

E(‘I”X“P>=<'P‘—£]‘P>+ﬁ<‘P|[H,X]|'P> (9.2a)
1 oY oY
E('I’][H,X]+|T>=<Y’|X‘E>—<E X|sv> (9.2b)

We recognize Eq. (9.2a) as the ‘time-dependent hypervirial relation’ or ‘general-
ized Ehrenfest theorem’ [2] or as Heisenberg’s equation of motion for expecta-
tion values. This looks like the searched-for time-dependent generalization of the
generalized Brillouin theorem of Eq. (2.5). The meaning of Eq. (9.2b) is less
clear.

Let us, for the moment, try to formulate the time-independent case in a
similar way. We want to satisfy the time-independent Schrodinger equation:

HY =E¥Y (9.3a)
by rheans of the condition:
(OY|H—-E|¥>=0 (9.3b)
(P|X(H—-E)|¥)=0 (9.3¢)
in perfect analogy to Egs. (9.1b) and (9.1c). In analogy to Eq. (9.2) we get:
CPI[H, X]|¥PY=0 (9.4a)
KY|H X],.|¥>=EP|X|?P> (9.4b)

By comparison of the derivation of Eq. (9.4a) — which agrees with Eq. (2.5) —
from stationarity of (¥ |H|¥ ) we conclude that Eq. (9.4b) is not needed (see
also ref. [18]), except for the special case X = 1 or any other constant, i.e. for §¥%
proportional to ¥, where Eq. (9.4b) reads:

KP|H|Y>=E{¥|?) (9.4¢)

We hence ignore Eq. (9.2b), i.e. the counterpart of (9.4b) except for X =1,

which means:
2 oY ik 4

and use this together with Eq. (9.2a) as the basis of stationary time-dependent
perturbation theory. While Eq. (9.4a) gives no nontrivial result for X = 1, we get
from Eq. (9.2a):

3
= <P |¥>=0 (9.5b)
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This obviously expresses the conservation of the norm of the wave function and
the unitarity of the time evolution. We satisfy Eq. (9.5b) automatically by
choosing ¥ normalized to unity and by considering only unitary variations and
unitary time-dependent changes of ¥.

Starting point for the following derivations is hence that Eq. (9.2a) holds for
all X € &, together with Eq. (9.5a).

We shall develop this formalism in Sect. 9.2. There we shall concentrate on
the case of a time-independent unperturbed Hamiltonian and a time-dependent
perturbation. In this case those states are of special interest that go to stationary
states in the limit 4 — 0. These states conserve some properties of stationary
states. For them the energy deserves some interest, although it is strictly not a
constant of motion. We shall tentatively define the energy as the expectation
value of the Hamiltonian, but we shall see later (Sect. 9.6) that there are other
and more appropriate definitions.

After a short comment on the time evolution in Sect. 9.3, we study the special
cases of an adiabatically switched static perturbation in Sect. 9.4 and a per-
turbation periodic in time in Sect. 9.5. There the results of Sect. 6.3 will turn
out to be important. We then reconsider the definition of the energy in Sect.
9.6 and define a so-called pseudoenergy for which a Hellmann—Feynman
theorem holds. We then establish the relation to the concept of Floguet states in
Sect. 9.7.

9.2, Stationary theory for a time-dependent perturbation

We consider the case that the unperturbed Hamiltonian is time-independent, and
that there is a first order time-dependent perturbation, i.e. we choose:

H = Hy+ AV(f) (9.6)

with H, time-independent. For ¥ we make the ansatz (which guarantees that Eq.
(9.5b) is automatically satisfied):

P 1) =et* 0P (5); T=-Y'e2, (9.72)
Y(4, §) = i ARY (1) (9.7b)
k=1

The expectation value of the Hamiltonian expanded in powers of A is —in
analogy to Eq. (4.5):

E(f) = <P, 0| H[P(, 1)) (9.82)
Eo(t) = {¥o(O) [Ho|Po (1)) (9.8b)
Ei(0) =P |V(2) + [Ho, Y1()]|Po(1)> (9.8¢)

Ey(1) =<¥ ) |[V(0), Yy()] + [Hy, Y>(0] +3[[H,, Yi(D)], Y101 ¥e(®)>  (9.8d)
E5(1) = {0 V(0), Ya(0)] +[Ho, Y5(0] +3[V(®), Y,(0], Y1 (0]
+3lHo, Y1 (0], Y2(0)] +3l[Ho, Y>(0)], Y1 ()]
+5lllHo, Y101 YL Y1 (D] ()) (9.8¢)
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We determine ¥, (7) and the Y.(¢f) from the expansion of the stationary condi-
tions of Eqgs. (9.2a) and (9.5a) in powers of A:

7.4 0
Colt) = <Po(0) |[Ho, XT = ih 55 [Bo(0)) + il =< Bo(0) | X| Zo(0)> = 0 (9.92)
Cil0) = CFo(0)| [[Ho, X % Yl] + 17, X1| ()
+ ih% (Po|[X, Y11|¥o(n)> =0 (9.9b)

2.9

G()= <lP0(t)| |:[H0, X]—ih 3’

Y2:|+[[V, X], 11l
1 L 0X
+§[|:[H0: X] _lhga Yl:lo Y1:||'Po(t)>

0
+ih~ Fo0|[X, Yol +301X, Y11, Y| ¥e () =0 (9.9¢)

Dy(1) = Re{ ¥ (1) |Hy — ih(% |¥o(t)y =0 (9.10a)
D, (1) = Re{¥o(1) |[Ho, ¥,] + V — if %‘— 0(5)) =0 (9.10b)
D,(1) = R3<T0(I)I[Ho, Y,] +30[Hy, Y11, Y1+ [V, 1]
Y, ,.[or,
—ih ST ik [E , Yl] |Po(0)> (9.10¢)

The elements of the Lie algebra &, are now time-dependent. We realize this by
choosing time-independent generators and a time-dependent field of coefficients
in the linear combinations of elements.

The condition of Eq. (9.9a) determines the unperturbed wave function ¥ (r).
So far we have not used that H, is time-independent. We now not only make this
special choice, but we even specify that Vo (¢) describes a stationary state, i.e. that
its time-dependence factors off. In this case Eq. (9.9a) simplifies to the time-inde-
pendent condition of Eq. (5.4a) and from Eq. (9.10a) we conclude that ¥, is of
the form:

Yo() =Yy exp [ (9.11)

<‘/10]H0|¢0> :|

—_— t
ih

with ¥, time-independent.

For stationary time-dependent perturbation theory based on a stationary
time-independent unperturbed state we can replace ¥,(f) in Egs. (9.8,9) and
(9.10b,c) by ¥, since the operators in these expressions don’t contain any
differentiations with respect to time. We then get:

Co(9) = (Yo lHo, X (][> =0 (9-12a)
or,

Cl(t) = <l/I0l[[H0= X]’ Yl] + [V’ X] —ih I: ot »

X]|xp0>=0 (9.12b)
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C2(t) = <Q/IOI[[HO9XL YZ] —ih liaa—}l,z—,X:I—*-[[V’ X]’ Yl]
+3[[[Ho, X1, Y11, Y1]+lh{[[X,%}%J ] [[X Yl or ]}Iw 0
(9.12c)
L 0¥,
Dl(t)=<t//0|V—lh—|¢o>=0 (9.132)

D, (1) —<lﬁ0| [([Ho, Y11, V1] +[V, Y] — h'a%“"h [5;’1 1j||¢0>=0 (9.13b)

If Eqgs. (9.12) are satisfied, Egs. (9.8) can be simplified to:
E\ (1) = o V(O [%0) (9.14a)

B0 =Yl0. KO+ FL T | o1s

Ey(1) = o311V, Y1), Yi] +5lllH,, Y11, Yl Vil + ik [aay ]Wo (9.14¢)

If Egs. (9.13) hold, alternative expressions for the E,(¢) exist:

E) = ol S o> (9.152)
E,(1) = zh<n//o| 6Y2 [ayl ] o> (9.15b)
3 a 2 1 1
50 =<l 45| G2 w3 [Z A IESdEd

(9.15¢)

The Eqs. (9.12—15) are the basis of stationary perturbation theory for a time-
dependent perturbation. Note that in order to evaluate the E,(¢) only Eqgs. (9.12)
and (9.14) are needed. Equations (9.13) or (9.15) become relevant if one wants
to know the entire Y, (?) explicitly, and not only that part of the ¥,(¢) which is
needed in Eq. (9.14) for the construction of the E,(¢).

To appreciate this subtle detail, note that one can always decompose Y,(¢) in
the following way: '

Yie(®) = Yip (1) + Yin(9) (9.16a)
Y.p = <l//0| Y,.(» l¢o> (9.16b)
Y w=Y.— Y, (9.16¢)

The subscripts D and N stand for diagonal and nondiagonal [16]. Obviously only
Y., contributes to Eqs. (9.13a) and (9.15a), while only Y, contributes to Eqgs.
(9.14b) or (9.14¢). The same decomposition of Eq. (9.16) is also possible in the
time-independent theory, but there Y, is a constant, which must be imaginary,
since Y, has to be antihermitean. Hence the Y, only give rise to a physically
irrelevant phase factor, which can be ignored. In time-dependent theory any Y,
is a function of time and hence induces a time-dependent phase factor, and this
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does have a physical meaning, though it usually has no effect on expectation
values. It is now obvious that Egs. (9.15) must not be regarded as energy
expressions alternative to Eq. (9.14) but rather as conditions for the determina-

tion of Y.
One should therefore rewrite Eq. (9.15) as:
. oY
i (ol = 1Wod = Kol V(0) o> (9.172)
6Y2

Y,
ih<‘//0| |‘P0> Ey(1) — 2<‘//0|[Y Yl:ll‘//o>

=3[V (0, V(D] o> (9.17b)

Y, oY,
1h<‘/’0| l‘//0> E3(t)_'<‘//0||ia—);a Y1:|+[6}; Yzil“/’o

6<wo|[[ay‘ Yl], Yl]lz/m

= ol3llV, Y1), Vi1 +5[[lH,, Y11, Y1), Yi] +3ik [58_1;1 Yz:|

3y, Y,
Sl [ ] e

In order to determine Y, (or more precisely Y,,) we expand it in a basis X, of
&, and insert this into Eq. (9.12b) and write X, for X:

Y, =) b()X, (9.18a)

Z {onl[Hm X1, Xk”‘//o > b (1) — lh <l//0| (X, Xk]l‘/’o }

+ oIV, Xl |Yo> =0 (9.18b)

This is a linear system of coupled differential equations, that involves the
Hessean H, of Eq. (4.13b) and the metric 4,, of Eq. (6.16). If we introduce the
operators II, which diagonalize H with the metric 4, the system of Eq. (9.18) is
decoupled. We expand: B -

Y, =) (01, (9.19a)
{
insert this into Eq. (9.12a) with X = II] to arrive at:
= = d
ZHk,f,——ihZAkl%+V =0 (9.19b)
! !

with A, fr A x and 17,{ defined by Egs. (6.21) and (6.22¢) respectively, with the only
difference that now V = H; as well as V, are time-dependent. Making use of Eq.
(6.21) we can rewrite Eq. (9.19b) as:

[skfk fk] A + Vk =0 (9.19¢)

which is a set of uncoupled differential equations.
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We make the transformation (reminiscent of the interaction representation):

g
S = g(D) exp (;g t) (9.20a)
dfx _ ag. & 3
dt _<dt TR )P GR! (9.200)
such that Eq. (9.19b) becomes:
L dg, = g ~
i d%k Ay Xp (l}’j t) —VE=0 (9.20c)

Now the g, can be obtained by direct integration, somewhat like in Dirac’s
method of the ‘variation of constants’. Again the antihermiticity of ¥, comes out
automatically (for ¥ hermitean).

9.3. Perturbation theory of time evolution

The solution of the time-dependent Schrédinger equation is an initial-value
problem. Given ¥ at a time ¢ = ¢, one wants to know the evolution of ¥ with
time. This is determined by the time evolution operator exp Y. Assume again
that the unperturbed problem is time-independent and that at ¢ = ¢, the system
is in a stationary state ¥, of the unperturbed problem, then in view of Egs.
(9.11, 15a, 16):

1
Yy = ol Hol ot (9.212)

1 z
Yi=o | WolV@) o) de + Yy ete. (9.21b)
o

with Y,y determined as solution of Eq. (9.12b) or explicitly Eq. (9.18) to Eq.
(9.21).

9.4. Application to a time-independent perturbation

For the special case of an exponentially switched static perturbation:

Vi) =e™Vo; n>0; v =<Yo|[Vo, Il [Yo) (9.22)
which vanishes in the limit # - — o0, we get from Eq. (9.20):

=~ 1 d ig ,
8e(DAp = ;ﬁvif Lw exp [(f + 11) t’] ds

1 igy,
= —vf — t 9.23
()] oo

fol) Ay = — v em(e — ifim) ! (9.23b)

If we take the limit # — 0 we get the same result of Eq. (6.22) as in time-indepen-
dent stationary perturbation theory for ¥;. We also get trivially the same result
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for El(t) given by Eq. (9.14a) and for Ez(t) as given by Eq. (9.14b) and for the
expressions given by Eq. (9.17), since in the limit # — 0, Y, /ot = 0. The limit
n — 0 does apparently not cause any problems, unlike in traditional time-depen-
dent theory [29, 34, 35], where the limit of the wave function for # —0 does not
exist.

The singularity of the traditional theory can be traced back even in the
present formalism. It namely arises in the ‘diagonal part’ Y,, of Y, as defined
by Eq. (9.16b). If we want to construct Y,, from Eq. (9.17a) for the present
example:

Y, an
l‘/fo o =em<'po‘Vo|¢o> (9.24)

ih(l/fol

and integrate from —co to ¢ we get:

1 0t
Yip zﬂe <¢0|Vo|‘ﬁo> (9.25)

This obviously diverges in the limit # — 0. However if we divide the integration
domain into two parts one from — oo to 0, the other from 0 to ¢, we get:

<'//0| 0|‘/’0>+ (t+211t2 "')<¢0|V0|¢0> (9.26)

The first term in Eq. (9.26), which diverges, is time-independent, it represents an
indefinite time-independent phase, while the second term in Eq. (9.26) leads in
the limit # — 0 to the first order correction of the time-dependent phase factor
from (1/ik)Eyt to (1/ik)(Ey+ E;)t. That the need to correct this phase in a
time-dependent theory of time-independent perturbations leads to difficulties, has
been observed previously [29, 34, 35]. It is also clear that in the present theory,
where one only considers expectation values, an indefinite time-independent
phase cannot do any harm.

9.5. A perturbation periodic in time

Of special interest is the case of a perturbation periodic in time:
V() = cos(wh)V, (9.27)

We introduce a switching function exp(yf) as in Eq. (9.22) and we define
(assuming V, to be hermitean):

ve = Yol Vo, i) = — o[V, ITL] |0 0¥ (9.28)
From Eq. (9.20) we then get:

= 1 4 i
(D4 = & v¥ J exp {(%k + n> t’} cos(wt’) dt’ (9.29)

After integration the limit # —0 can be taken except at the poles where
ho = t¢,. Applying Eq. (9.20a) we then get:

1w exp(iot) = exp( —iwt)
f) 4, SUF {Sk o T P (9.30)
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Inserting this into Eq. (9.19a) and then into Eq. (9.14b) we obtain:

& 2 exp(2iwt)  exp( —2iw?)
E,=—3% 24 ,
2= s [ A {si W0 Tt ho) T —hay | OV

We also give the result for the pseudo-energy, discussed in more detail in Sect.
9.6, namely for that defined by Eq. (9.49b):

2e; éxp( 2iwt)  exp( —2iwt)
—hw? g +ho g, —ho

(9.32)

W, =%<¢OI[V, Y] |'/f1> = 82 [Uk IZAkk{

The singularities of Egs. (9.30-32) for hw = +¢, indicate that the g, must, in
fact, be interpreted as model excitation energies, and that the metric which led to
their definition (see Sect. 6) does make sense.
The present approach to a regularized time-dependent perturbed theory
appears easier and more transparent than others from the literature [29, 24, 35].
Now we show that in stationary perturbation theory the ‘dipole length’ and the
‘dipole-velocity’ formula are equivalent, provided that:

Vo=eb - ¥ (9.33)

is exactly expandable in the Lie algebra %, with respect to which stationarity is
achieved, or rather that Vyi, is expandable in the function basis X ¥,, and
hence in IT i, or I y,.

We expand:

Vo="Y a.I} (9.34)

k

and get, using Eq. (6.15):
U = <‘//0|[V0» IT,] ]W0> = ; al<l//o|H;ra I1,] |¢o>

1
Z <W0| H Ho» Hk]]l‘ﬁ()) =;}; <‘//0|[Vm [H05 Hk]”'po>

1
= Yo, [Hy, Vol o> (9.35)
ke
Wwe now use:
-~ . eh? -
[Ho, Vo] =6 - [Ho, 1] =— - & \% (9.36)
and get
eh?
Vg = ——— <%![éﬂ v, O] [We> (9.37)

which is the d1pole—ve1001ty formula

This result is a special case of an off-diagonal Hellmann— Feynman theorem.
It has been known that it holds within traditional RPA (with exchange) that is
equivalent to linearized time-dependent Hartree—Fock, which is a special case of
stationary time-dependent perturbation theory [36, 37].
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9.6. The time-dependent pseudo-energy

In this section we make the same starting assumptions as in Sect. 9.2, hence the
results will be essentially the same, we just use a different definition for the
energy. Like in Sect. 9.1 we start with an analogy to time-independent Hamilto-
nians. For these stationary states satisfy the condition:
oY

ih— =EY¥ 9.38a

: ot ( )
with F time-independent. These states are of the form of Eq. (9.11), with i,
making E, stationary. One may try to generalize the condition of Eq. (9.38a) for
time-dependent Hamiltonians to:

¥
ih %—t— = WY (9.38b)
(with W real), which has the solution:

1 t
¥ =exp {,— j W) dt’} v (9.39)
ih ),
with  time-independent. Let us now regard Eq. (9.39) as an ansatz for ¥ and
insert this into the time-dependent Schrodinger equation (9.1a). This leads to the
following equation for y [30-33]:

{H — W) — ih %} Y =0 (9.40)

Generally the solution ¥ of Eq. (9.40) will not be time-independent, i.e. the ¥
given by Eq. (9.39) will not be solution of Eq. (9.38b). However wave functions
of the form of Eq. (9.39) with ¥ time-dependent do satisfy the time-dependent
Schrédinger equation (9.1a) provided that i satisfies Eq. (9.40). In fact, one may
choose W(?) rather arbitrarily and always find (at least one) corresponding
and ¥. Even W(f) =0 will do. There is hence so far nothing unique in this
procedure. However, we shall later use the freedom left in the definitions of W(z)
to make an optimum choice, in the sense of a criterion to be specified. Of course
we are interested in states that become stationary in the limit A —0 and we want
to describe them in terms of an energy W(¢) and a wave function y(¢) that are
‘as little time-dependent as possible’.

Note that for the case that we consider, which has already been studied in
Sect. 9.2, a particular choice of W(¢) and y(f) does not affect the physics, only
possibly the interpretation. We call W(r) the psecudoenergy and () the pseudo-
eigenfunction. In terms of ¥ and W Frenkel’s principle of Eq. (9.1b) will be
replaced by:

<5¢|H—W(t)—ih%|¢>=0 (9.41)

The ‘generalized Ehrenfest theorem’ of Eq. (9.2a) keeps the same form just with
¥ replaced by . The same holds for Eq. (9.5b) while Eq. (9.5a) has to be

replaced by:
ih 0 0
wio =l =5 (v| %)~ ()] ©4)
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We choose again a Hamiltonian in the form of Eq (9.6) and instead of Eq. (6.7a)
we have:

¥ =explYo(lY; ¥ =exp[F(Olo
a o] ~ 0 ~
ot k=0 k=0
Since Y, (¢) is a scalar and commutes with )N’(t) we can also write Egs. (9.43) as
(9.7a) with:
Y =Y, + ¥ — (i) " Eyt (9.44)

In Egs. (9.8) and (9.9) we only need to replace ¥, by ¥, and Y, by fk which
means that Eq. (9.9) becomes Eq. (9.12) — with Y, replaced by Y,, while in
the counterpart of Eqs. (9.10) or (9.13) now the W, appear:

0
Wo(t) = <‘//0‘H0 - ih = I‘p0> (9.45a)

WD) = <ol V — |¢o> (9.45b)

~ A~ aYZ 5Y1 ~
Wy(t) = <lﬁ0f[V, Y] +%[[H0, Yil, Yl] lhT —ih [ o’ Y1:| |lﬁ0> (9.45¢)
W3(0) = oIV, 1+ 41V, V11, ¥11 + LH,, V1], T,

~ . o~ ~_ o~ Y.
+%[[H0= Y2]9 YI] +é[[[H05 Yl]’ Yl] Yl] - lh—3

ot
Cih[ef, - m[oF,
HERa g
ih oY, =~ ~ ~
el dRAIS 9.45)

We also get Eqgs. (9.14) for the E, with Y, replaced by I7k, while instead of Eq.
(9.15) we have:

W) =E @) — zh<¢ol |l//o (9.46a)
Wz(t)=E2(t)—ih<lﬁo|%I% [ay‘ ~W° (9.46b)

ot

1[TeY, =7 =
+g[[—a—t—, Yl], Yl] o> (9.46¢)

Combining Eq. (9.45) with Egs. (9.46) and (9.12) (with Y, replaced by Y,) we
get:

oY, 1[8Y, ~71 18y, =
Wa(f_)=E3(t)—ih<l//o|a—t3+§[—2,Y1j|+§[—a—t“1,yz]

W, = (| V Yo > lh<lﬁo| Il//u (9.47a)
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Wy = 30|V, Y11 |¢o) — zh<|//o| |wo (9.47b)

Wy = Y [HIV, 1], 1] +é[[[Ho, 7.1 7., ﬁ]lwo

3 o7
IaY3 2%, Tl + H:; Yl], Y1]|¢0> (9.47¢)

At this point we remember that there was some freedom left in the definition of
W(r). In view of Eq. (9.43) W(?) is specified (except for an arbitrary constant) if
Y,(?) is specified; and since Y is determined, the decomposition of ¥ into Y, and
Y specifies W(¢). Obviously Y is a diagonal operator, the nondiagonal part of ¥
is hence equal to the nondiagonal part of Y.

Yy=7Yy (9.48)

There is hence only a freedom in the choice of Y. The first possibility is to
choose:

— ih (Yo

¥,=0; Y,=Y,=ih jt w(t) dt’ (9.48a)

For this choice we get:
Wi(0) = ol VYo (9.49a)
VAOETXAIS AL (9.49b)

W3() = Wol3IIV, Y1), V11 + HIIHo, Y1 Y1, ¥ |vo)

1oy, = ~
— il 3 B T+ | 5T | |y 00
This is an ad-hoc choice with no clear physical meaning. Nevertheless we have
achieved that the expressions for W, and W, are simpler than those for E; and
E,, while W; is rather more complicated than E;.

A second possible choice is to fix the Y,, so that W{(r) = E(¢). This means

that we satisfy:
oy oyl \ ay 1[oY
) - (% w> 2] o [—87, Y]

0=<¢
1[Tey -
+5[[E’ Y}, Y:|+-~-|¢0> (9.50)

to all powers of 4. Then one need not worry at all about W(#) and consider E(?)
as the relevant energy.

Other choices of W(¢) based on more physical arguments will be made in the
following section.

9.7. The time-dependent Hellmann - Feynman theorem

It is easy to see that for a wave function ¥ which is a solution of the
time-dependent Schrédinger equation (9.1a) the following relation holds
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ik d v 0¥
o) (V) o5

One may refer to this as a time-dependent Hellmann—Feynman theorem [38].
However, it has little to do with the Hellmann—Feynman theorem for a ¥ which
is a solution of the time-independent Schrodinger equation:

0E oH

o a <‘P|H|Y’> <4 P ¥ (9.51b)
In fact the second term on the right-hand side of Eq. (9.51a) can be much larger
than the first one, as it is, e.g., possible for H time-independent, but ¥ a
non-stationary state. In order to have something analogous to Eq. (9.51b) we
should refer to a wave function iy that is as close as possible to the eigenfunction
of a stationary state. In fact, consider the pseudoeigenfunction  which is a
solution of Eq. (9.40) with an appropriately chosen W(z). Then in view of Egs.
(9.42) and (9.40) for oy /04 orthogonal to ¥:

0 W( 13}

(for an arbitrary parameter ,u):

—<quH|qf> | ;«p>+h{<aq’

~ w2 w>< H|¢>+<wH]Z>

SO 22O o

In order to achieve that the Hellmann—Feynman theorem holds in the same
form (Eq. (9.51b)) as in the time-independent case (just with E replaced by W(f)
we must choose W so that the r.h.s. of Eq. (9.51c) vanishes. It is somewhat
tedious but elementary to show that the same condition of Eq. (9.51¢) also
guarantees the Hellmann—Feynman theorem if i is not solution of Eq. (9.40)
but obtained from the stationary condition of Eq. (9.41). Of course, we must
then express the 4, u, and ¢ dependence of ¥ in terms of Y. If we assume again
that H = Hy + AV with H, time-independent and ¥, the time-independent wave
function which makes (io|H [0 stationary, then vanishing of the r.h.s. of Eq.
(9.51c) means:

<~//o| o, [gi ?]Jr-é-[[% f’} f’}r e ley=0 (9.52)

Let us first consider the simplest case, namely that p is identical with the
perturbation parameter A, and that we want to satisfy Eq. (9.52) at 4 =0. We
then have:

5 0 ~
= {—51‘ <‘/’0’ an I‘po }Aso =% <¢0| Y1|¢0>; W) = <‘//0| VW0> =E|(?)
(9.53)

i.e. at A =0 the Hellmann—Feynman theorem holds even for W replaced by E.
Let us now identify again A with u but require that Eq. (9.52) holds at an
arbitrary value of 4. This means:

0 =% Qho| Y1 4 247, + 223V + Yy, Y] +3[Y1, Val} 4+ [ (9.54a)
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Equating all powers of 4 to 0 results in addition to Eq. (9.53) in:

—% <1//0|?2|‘//0>§ W2=%<‘//0|[V5 ﬁ]l‘%) (9.54b)

0 ~ ~ o~
0= Yy o33 +351Y,, Vil |Wed
W3(0) = (o311, ﬁ] Y]+ §lllHo, T, Vil Tal{wo)
oY, -
-l 35 T Tl || G T | 0540
The results agree with Eq. (9.49) for W, and W,, while there is a slight difference
for W;.

Let us finally regard A and p as independent. This means that we have to
apply double perturbation theory for the Hamiltonian:

H=Hy+ iV +u (9.59)
Using the expansion:
Y(1) =Y. A Yi(2) (9.56)
k!
like in Sect. 5 — and a similar expansion for W(7) — we get from Eq. (9.52):
0 ~
Ey <W0‘ Y01|¢0> =0 (9.57a)
0 ~ ~ o~
a1 ol Yir + 5[ Y015 Yiol [0 =0 (9.57b)

= <¢0| Y21 Ym’ Yzo] +3 [Ylla f['10] + é[[f}m; }710]: }710] l'//0> =0 (9.57¢)

Wor = o[ Q1[W0) (9.58a)
Wn = <W0|[Q= }710] ['/’o>
~ i - -
= {‘poi[V, Yyl |‘//o> - iha <¢’0|[Y109 Yol Wo> (9.58b)

Wy =S|IV, Yiol, Yol + 1V, Yiul + 11V, Youl, Yiol + 112, Yiol, Yol [0
+ E5o|lllHo, Yiols Yiol, Youl + [[[Ho, Yiol, Youl, Yool

" o~ o~ oY =~ ~
+[[[Ho, Youl, Yiol, Yol |0 — <¢o| H r ,Ym], Ylo:illlfo> (9.58¢)

Obviously the Hellmann-Feynman theorem is not symmetric in A and p. In
fact, in deriving Eqgs. (9.57, 58) we have required that Eq. (9.52) is satisfied for
u =0 but A arbitrary. If we had required 4 =0 and u arbitrary we would have
got Eq. (9.58b) with Q exchanged with V and Y, with Yy,.

This observation gives a partial answer to the question whether there is a
quantity which becomes stationary if Frenkel’s principle of Eq. (9.1b) is satisfied.
The pseudoenergy W() is, in fact, a candidate. If it were possible to satisfy Eq.
(9.52) for all possible parametrizations of ¥, the pseudoenergy W(z) would in
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fact be stationary. However, since this is not possible, W(z) is not the desired
quantity, and it does not seem possible to find a better one.

We shall see in the next section that for Hamiltonians periodic in time
a genuine stationarity principle can be formulated. It involves time-integra-
tion over a full period. It is rather obvious that this time integral of Eq. (9.52)
vanishes if Y is periodic in time with the same periodicity as the Hamiltonian
(and this independently of p).

9.8. Floquet states

If a Hamiltonian H is periodic in time with period 7, then the time-dependent
Schrodinger equation has solutions of the form [39-46]:

¥ =exp {;Ef, t} ¥ (9.59)

with the ‘quasi energy’ E [40] time-independent, while ¥ is petiodic in time with
the same periodicity as H. States like Eq. (9.59) are referred to as Floquet states
[39], since their existence is closely related to Floquet’s theorem [47] well known
in the theory of differential equations [48]. Other proposed names are ‘quasi-
periodic’ states [42] or ‘steady’ states [43]. Floquet states play a central role in
the theory of the interaction of atoms or molecules with strong laser fields. If H
is of the form of Eq. (9.6) it can be shown that in the limit 1 —0 the Floquet
states converge to the stationary states [43]. This implies that the perturbation
theory used here and outlined in Sects. 9.2 and 9.5 leads automatically to
Floquet states for periodic perturbation, although this name has not been referred
to, and although we have not explicitly used wave functions of the form of Eq.
(9.59).

Let us limit our attention to Hamiltonians periodic in time. The wave
function of Eq. (9.59) is, of course, a special case of Eq. (9.39), just with
time-independent £ = W(r). Since_different choices of W{(r) mean a different
decomposition of Y, into Y, and Y, (see Eq. (9.43)), the Floquet form of Eq.
(9.59) of the wave function corresponds to a particular definition of Y, that is

determined by the condition
ay oy
) -Gl om

_0E_2

T at ot
We want to study this order by order in perturbation theory and start from the
general expressions (9.47a). In order that Eq. (9.47a) is independent of time, the
time dependencies of the two terms on the r.h.s. of Eq. (9.47a) must cancel. For
perturbations periodic in time this means that the Fourier components for & # 0
should compensate each other.

We introduce the Fourier basis:

fe)) =™ o =2/t (9.61)

ih

i
{('//IH"/O—E

and require

QalVAlo) = ol S ela )k #0 (9.6

where the double bracket notation, following Sambe [43], means a scalar product
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in an extended Hilbert space which implies additional time averaging:

7

Culalwy = [ clalp a (969

to

The freedom left in the definition of ¥, is used so that:

(w2

From Eq. (9.47b) we take in the same way:

1w0>>——<n//olnlwo T=0; Bo= (| V0e)  (9.68)

~ 0
LWolVs lsilvo ) = i vl Yszlwo Y k%0 (9.65)
oY, ~ ~
el 52 We) =0 Ba= (ollV: Tillwod (9.65b)
and we similarly obtain from Eq. (9.47¢c):
- ~ o~ ¥, -

E3 = <<¢’0.%[[V= Yl]a Yl] 6[[[H0= Y1] Yl] Yl] 6 [[ ot Yljl: Yl:] |‘//0>>

(9.65¢)

One can achieve that E is time-independent to any order in A, by imposing
conditions on Y,. Having guaranteed this, we can, of course, replace E by its
time average, remembering that E is a special case of W(¢), i.e. using Eq. (9.42):

I N e R
=<<¢lH|¢>>—<<l//llh—l¢>> (9.66)

The nice thing with the extended Hilbert space [43] is that ih &/0f now becomes
a hermitean operator. The same is true for the operators:
~ 0 ~ 0
H=H —ih—; = Hy—ih = .
ih Pt Hy=H,—ih R (9.67)
and we are able to formulate the time average of the generalized Ehrenfest
theorem of Eq. (9.2a):

Ui, X1 ) =0 (9.68a)
as the condition that the time-averaged expection value:
E=(ylAWY) for (y|y)=1 (9.68b)

is stationary with respect to norm-conserving variations.

It is now straightforward to take over the entire formalism of time-
independent stationary perturbation theory just replacing the ordinary brackets
by double brackets. In particular we get:

Ey = Lo Vo ) (9.692)
=1 WollV, Yi1|¥o ) (9.69b)
Ey = o3V, Y,1, Y,1 +LH,, V11, V11, Tl |0 ) (9.69¢)
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There is also a generalized Hylleraas functional:
F(Yy) = (WollV, 111 +5llHo, 711, Tl |66 ) (9.70a)
with the stationary condition:
ol lV, X1 +4[[Ho, X1, 1] +3{[Ho, Y11, X[y ) =0 (9.70b)

that determines the first-order operator f’l (or rather its non-diagonal part).

Although the theory of this section is — for Hamiltonians periodic in time —
equivalent to that outlined in Sects. 9.2 to 9.7, there is nevertheless a fundamen-
tal conceptual difference. While in previous subsections of Sect. 9 time was a
simple parameter, it is now an integration variable. This implies that the
variational group refers to unitary transformations in the 4-dimensional space
including time. A complete set of functions of the time coordinate is given by the
Fourier basis of Eq. (9.61) and a basis of the Lie algebra with respect to time
transformations are the shift operators:

Py = |fi )Xfi] = e’® =Dt (9.71a)
The operators X in this section are of the form:
X=x-P (9.71b)

with x € &, time-independent and with P of the form of Eq. (9.71a). Let us now
study the stationarity condition of Eq. (9.70b) for Y;. Since i, is time-indepen-
dent, only those P,, give a non-vanishing condition for which either £ =0 or
{ =0. We hence get from Eq. (9.70b):

WollV, X + 3[1Ho., X1, ¥,] + 3{[Hy, T,1, x]

—lhlolx, ¥,] — L [6—5 x:l}f,hﬁo »=0 (9.72a)

21 o’
Here x is time-independent. We expand V and Y, into their Fourier components:
SURDIVACTIR (RO WAAU) (9.72b)
and insert this into Eq. (9.72a) with the result:
oo, x1 + [[Hy, X, y:] + hlwlx, y,]|¥e> =0 (9.72¢)

We expand y, in a basis x:
yl = Z bg)xk (9.733)
k

such that Eq. (6.46c) becomes (with x in Eq. (6.46) replaced by x,):
~Wollvs x: 1|0 = Y, bL o |[[Ho, x:1, %1 + Bleo[x,, xi ] o>
k

= Z (Hy + Blowd )b (9.73b)
2

If, like in Eq. (9.19a), we expand in the II, we get:

—<ollvy, I |Wo) = [enfs + Bl Ay (9.73¢c)

For the special case of Eq. (9.27) we reproduce Eq. (9.30), while £, is the time
average of the E, given by Eq. (9.31), i.e.:

By= =13 Vi PAweed — h2o?) ! (9.74)
k
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For the quasienergy a Hellmann—Feynman theorem holds in the same form as
for time-independent states;

oE oH v

g e = — 9.75

IS WY = ) 975
and this holds for all i. One might conclude that therefore:

~ 1 g+1

E,= . J W(e) dt (9.76)
o

with the W(¢) derived in the last section that satisfies Eq. (9.51a). This is, in fact,

true. However, as one sees from the time-average of Eq. (9.47) this holds for all

possible W(7). A" Hellmann—Feynman theorem in the time-average is a much

weaker condition than this theorem for all 7.

9.9. Time-dependent properties, in particular polarizabilities
and hyperpolarizabilities

One of the most important applications of time-dependent perturbation theory in
quantum chemistry is the calculation of frequency-dependent polarizabilities. We
have now a look at them in the framework of stationary time-dependent
perturbation theory. -

Let the operator @ describe a property and ¢ = exp(Y)y, be a time-depen-
dent pseudoeigenfunction in the sense of Eq. (9.40) (with i/, time-independent)
corresponding to a Hamiltonian H = H, + AV(¢), then:

Q> = WolQ +1Q, ] +31Q, 11, V] + - |Up>
= (o] @ + HQ, Tio] + A{(Q, Vool + 102 Frol Fiol} + - - o)
(9.77)

where we have used the notation of the double perturbation expansion of Eq.
(5.3), although so far we only consider the single perturbation parameter A. If we
have cared to satisfy the conditions of Eq. (9.55) that a time-dependent Hell-
mann—Feynman theorem holds, we get alternatively:

)

Wil ={z wol ©.78)
2 pu=0

i.e., as suggested by Rice and Handy [33], we can evaluate time-dependent

properties as pseudoenergy derivatives.

On the other hand for periodic perturbations (and we have these in mind)
the Floquet-state formalism outlined in Sect. 9.8 is much simpler and more
powerful than that in terms of pseudoenergies as explained in Sects. 9.6 and
9.7, and it appears recommended to use this formalism. Of course, E is
now time-independent, and time-dependent properties cannot be obtained as
derivatives of E even if a Hellmann—Feynman theorem holds. Fortunately
a discussion of the time-dependence can now be replaced by a discussion of the
various Fourier components.

In the pseudoeigenstate formalism the dipole moment (of a molecule in a
time-dependent external field) is the expectation value of the (time-independent)
dipole operator. We choose A in the form of Eq. (9.33a) with V' the external
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oscillating field and Q as a static field and we get:

ow
<Q>=—6L“=W01+},W11+A2W21+"' (979)

with W, the permanent dipole moment (component) and W;, the respective
component of the frequency-dependent polarizability.

If V has the frequency w, it contains the Fourier components k = +1 and
k = —1, then W;, will have the same components + 1, while W,, will contain
0, £2 etc. To obtain all these components we can as well take the time-average
of W, ie. E and replace Q by the operator of a dipole field oscillating with the
frequency ko, i.e. we consider the Hamiltonian:

H =+ /1V+/le eikw
and get then for the kth Fourier component of the induced dipole moment:
OE

<Q>k =3—ﬂk

10. Quasidegenerate stationary perturbation theory

The conventional perturbation theory breaks down when the state to be per-
turbed is degenerate and if this degeneracy is removed by the perturbation. In the
sum-over-states formulation zero energy denominators would appear. In our
stationary perturbation theory the linear system from which the perturbing
operator is evaluated, becomes singular and has no solution. In the case of
near-degeneracy, the conventional perturbation theory is still applicable, but
small energy denominators appear and convergence of the perturbation series
becomes unlikely.

What we basically want to do in perturbation theory for operators in a
matrix representation is (a) to find a transformation U(A) that transforms a
Hamiltonian H(A) to a diagonal operator L(A):

L(2) = U\ )HBHU) (10.1)

and (b) to construct U(1) as well as L(4) as power series in 4. Step (b) fails in the
degenerate or quasidegenerate case. What one can do, however, and this is the
essential feature of quasidegenerate perturbation theory, is to renounce on full
diagonalization in Eq. (10.1) and to be satisfied with block diagonalization. Say
H has the dimension »n, and we achieve that L consists of two diagonal blocks of
dimension d and n — d respectively, with 4 sufficiently small and such that our
desired eigenvalue E(4) is contained in the d x d block. Then it is trivial to get
E(A) from L(A) after one has constructed L(1) and U(A) as expansions in powers
of A. The subspaces must be selected so that all unperturbed states with energies
close to the one to be studied are in the small space of dimension d, called the
model space, such that in the perturbation expansion no small denominators
arise. The diagonal block of L(4) in the model space is referred to as the effective
Hamiltonian.

We follow here the formalism preferred by the present author [16] that is
equivalent to more traditional presentations of quasidegenerate perturbation
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theory. One rewrites Eq. (10.1) as:

UL =HU; L=Hy,+AL, AL=Y J*L, (10.22)

[Hy, Ul=UAL — VU, U=1+ Y iU, (10.2b)

and expands to powers of A:
[Hy, U)l=L,—V (10.3a)
[Ho, Uz] = L2 + UILI - VUI etc. (103b)

The condition that W should be a ‘nondiagonal’ and L a ‘diagonal’ operator
(where ‘diagonal’ here means ‘block-diagonal’, and ‘nondiagonal’ that the diago-
nal blocks vanish) leads to:

Li=Vp; [Hy, Ul = —Vy (10.4a)
L,=VU)p — (U L)p; [Hy, U] = (Ui L))y — (VU)N (10.4b)

We now want to combine quasidegenerate perturbation theory with the concept
of stationary perturbation theory. Rather than to solve the Schrodinger equation
(or to diagonalize a Hamiltonian in the sense of Eq. (10.1)) we want to satisfy
a stationarity condition. In the non-degenerate case we care to make the
expectation value (¥ |H|¥) stationary (for ¥ normalized). The straightforward
generalization is to make all matrix elements of the effective Hamiltonian L(4) in
the model space stationary, i.e. to require:

(¥, |H|¥,>=6{¢,|UTHU|¢,> =0, for all ¢, in the ‘model space’
UTU = 15 <¢u|HOI¢v> = 5qu0u (105)

The transformation U only removes the coupling between model states and other
states, not within the model space. While in traditional quasidegenerate pertur-
bation theory U need not be unitary, the unitary choice is more consistent in the
present context. With the exponential formulation W =expo we get a set of
Brillouin (hypervirial) relations:

<P,|[H X]|¥,>=0 (10.6)

There are many more conditions than in the non-degenerate case, and one may
wonder whether it is possible to satisfy all of them. In fact, let N be the
dimension of the Lie algebra of the variational group and d the dimension of the
model space, then there are N - d° conditions, but the number of parameters to
express ¢ and hence W in terms of the X, is only N. So there are N - d> equations
for only N unknowns. A solution is only possible if at least N - (d?>—1)
conditions of the type of Eq. (10.6) are satisfied trivially.

We expand Eq. (10.6) first in terms of the Hausdorff expansion for

U = exp Y and then in powers of the perturbation parameter 4 for ¥ =), A*Y,:
$$u|[H, X] +[H, X1, Y] +3[[H, X}, Y], Y1+ |$,>=0  (10.7)

{$u|[Ho, X1|$,> =0 (10.8a)

$$,|V, X1 +[[Ho, X, Y11|¢p,> =0 (10.8b)

exactly like in Sect. 4, just with general matrix elements in the model space rather
than simple expectation values.



306 W. Kutzelnigg

Take as an example the linear variational group with the basis operators:

X = ¢ > (10.9a)

such that the model functions ¢, are included in the basis. Operators of the type
X,, have to be excluded in order to satisfy Eq. (10.3). On the other hand, an X,
in which neither & nor / refers to a function in the model space, gives trivially the
value 0 for the Brillouin condition of Eq. (10.8a). A non-redundant basis of
antihermitean shift operators hence consists of*

fuk =9, x| = | >{d,|, & not in the model space  (10.9b)

These are d - (n — d) operators where 7 is the dimension of the basis {¢, }. One
expands Y just in these and the number of non-trivial Brillouin conditions is the
same. In fact:

(bu|[Ho» Xl |60 = Ppdrs = O,0his — BBy + 8,k (10.10a)
By =<¢ufH0l¢e> . (10.10b)

Since k = v or k& = u is excluded, Eq. (10.10) is trivially non-zero only if ¢ = u or
o=V

(D H, Xl | by > = —hyy — hyyeB (10.11a)
CPulH, Xl |y > = — Bty — P (10.11b)

These conditions are satisfied if all /4, = 0 (k not in the model space), i.e. if the
matrix representation of H, in the basis {¢, } is block-diagonal.
We expand Y, in terms of the X :

V=Y cuXy (10.12)
.k
and get from Eq. (10.8b):
Kb,V X1l > + Zk Coel | [[Hos Xpul, X |9, > =0 (10.13)

This is a linear system of equations much like in the non-degenerate case. For the
Hessean we get:

(Du|llHo, Xl X |60 = =8, Sishy + By S + 81y S i = B iy

(10.14)

If we choose the ¢, such that they diagonalize the matrix 4, the matrix elements
of Eq. (10.14) only contain energy differences ¢, — ¢, between unperturbed states
within and outside the model space.

Unfortunately it does not appear possible to define a. quasidegenerate
Hartree—Fock theory as the first step (for 4 = 0) of a quasidegenerate coupled
Hartree—Fock theory. Let us consider a set of quasidegenerate single-determi-

nant states ¢,, let us choose the variational group as usual in Hartree—Fock
theory and let us try to satisfy the Brillouin conditions:

{¢,|[H,, af]|$,>=0 (10.15)
but only for those p, g for which:

{Pulaf|e,>=0 ‘ (10.16)

Let ¢; be a spin-orbital occupied in both ¢, and ¢, and ¢, spin-orbitals neither
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occupied in ¢, nor in ¢,, and let @, be occupied in d) > but @, occupied in @,.
Then a} should be excluded, because it does not satisfy Eq. (10.16). We.rpust
hence restrict the af to af or a;,. Then, however, we have many more conditions
to satisfy than coefficients available in the expansion of Y;.

It is easy to see that stationarity of a single Hartree—Fock state gives just as
many Brillouin conditions as there are operators af. So we cannot make various
states stationary with one set of a?. If we want to do so we need excitation
operators which discriminate between the model states on which they act. This can
be achieved by including ‘conditional’ excitation operators like afy (also called
operators with spectator lines). The notation is used that i, j refer to spin orbital
occupied in all model states, a, b in no model state, x, y in some model states. The
problem then arises that the Lie-algebraic property of the af operators is lost, if
one includes a¢* etc. In particular we no longer have a variational group of
one-particle transformations. Another way to phrase this is that quasidegenerate
perturbation theory in terms of a set of stationary Slater determinants is not
possible.

One has to be less demanding and one may, e.g., require that the sum of the
energies of the considered states is stationary (average-of-configuration SCF),
or that a particular linear combination of Slater determinants is stationary
(MC-SCF).

There is, nevertheless, the possibility for stationary quasidegenerate perturba-
tion theory of many-electron systems, namely if one chooses H, as the bare-
nuclear Hamiltonian without electron interaction. Then just as many Brillouin
conditions of the type of Eq. (10.15) are trially satisfied and one has as many
unknown parameters as non-trivial conditions. On these lines a stationary
formulation of quasidegenerate many-body perturbation theories is possible (see
paper II of this series).

11. Concluding remarks

Although a few results of this paper are probably either new or appear in a new
context, the main interest of this study is on one side the unified and consistent
formulation of stationary perturbation theory in terms of the variational group
(or some of its subgroups) and on the other side the power of this formalism for
applications to be described in forthcoming papers [4, 6], or already briefly
pointed out [7]. Two methods known for the evaluation of molecular properties
of molecules, called IGLO [5] and LORG [49] respectively, look at first glance
very similar. However, only IGLO satisfies a Hylleraas-type stationary condition
for the second-order energy [6, 7].

We have not worried here about mathematical problems of perturbation
theory [1], e.g. the conditions for its convergence and the existence (square
integrability) of the perturbed wave function [7]. Somehow the present formalism
is simpler than the exact theory, because the original problem is reduced to one
in a finite number of dimensions (though an originally linear problem may become
nonlinear) and some difficulties are avoided in the chosen model, but they may
play a role when it comes to comparing approximate with exact solutions.

We have mostly been concerned with ground states, but the formalism is
applicable to excited states as well, and even — as mentioned — to ensembles.

It has sometimes been claimed that the unitary formulation of perturbation
theory is more complicated than that in intermediate normalization and that
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tedious manipulations are required in the unitary formulation to arrive at the
final results. (For a comparison of the two possibilities in Fock space perturba-
tion theory see e.g. Ref. [16].) In the present context this is certainly not the case.
Of course, lengthy expressions arise if one goes to high orders, but high-order
perturbation theory is tedious anyhow and is not our present concern.
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Appendix A
On the Lie algebra of the variational group and its subalgebra

Let &% be a Lie algebra the elements of which are operators that act in a Hilbert
space or a Fock space. This algebra is called real, if a basis {X, } of ¥ can be
chosen such that all elements of % are expressible as linear combinations of the
X, with real coefficients, otherwise as complex. So ‘real’ or ‘complex’ refers to the
field of numbers upon which the algebra is constructed, not to the elements
(operators) themselves. We call an operator X real if it transforms a real wave
function ¥ to a real one and an imaginary ¥ to an imaginary one. Conversely an
imaginary operator transforms a real ¥ to an imaginary wave function and vice
versa.

In a Lie algebra of operators, the subset of antihermitean operators forms a
real subalgebra. In fact the commutator of two antihermitean operators is
antihermitean. On the other hand, a Lie algebra that consists of hermitean and
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antihermitean operators (and linear combinations of these) is necessarily com-
plex, because 7 times a hermitean operator is antihermitean and vice versa.

Starting from a complex Lie algebra £, of operators, we can always
construct the real subalgebra ., of antihermitean operators.

One can go one step further and consider within .%, only real operators.
Since the commutator of two real operators is again real, the subset ¥, = &, of
real operators is again a Lie algebra. The complementary set of imaginary
operators €, = %, is not a Lie algebra, since the commutator of two imaginary
operators is real.

if both #, and %, are associated with a unitary group % (are ‘generating’
%), the Lic algebra %, generates the real orthogonal group ¢ — 4.

Appendix B
The Newton—Raphson procedure for linear variations
We want to solve the iterative linear system of Eq. (2.14a) for the basis of

operators of Eq. (3.8). It is recommended to use Eq. (6.1) of the Hessean, rather
than Eq. (2.11b). We hence want to solve:

D}(,n) +ZH;(;:;)CEIH+1) =0 (B.l)

q
DY ={(P"|[H, X,]|®) (B.2a)
H) =< @D |[X], [H, X, ]]| @) (B.2b)
M =P PO = P (B.3a)
c®W=%cPX,; n>1 (B.3b)

P

by iteration. The operator basis consists now of the shift operators
X = | i ><¢,| given by Eq. (3.7). Since each X, has two labels, each label p, ¢
in Eqgs. (B.1-3) has to be replaced by a pair of labels kI or mn. It is
recommended to choose the function basis {¢, } of #  such that & is a member,
say @ = ¢,, of this basis and that the basis is orthonormal. Then we have in the
first iteration cycle:

DY =Dy, = <¢][H= Xl ]¢> = horbi — Sorhio (B.4a)
Hl(c(;,)mn = Hkl,mn ={(® I[sza [H, an]] I¢> = 5lohkm5no
— 0100km Mo — Pom 0,100 + Som Mo (B.4b)
hpq = <¢p IH’¢q> (B.5)
The only non-vanishing elements are:
Dy = —hyp; 1#0; Dio=hoe; k#0 (B.6a)
HkO,mO = (i — Orm"100)(1 — o)
Hoz,On = (hu — Sphoo )(1 — ) (B.6b)

A non-redundant operator basis hence consists of the operators X, and Xy,
(k #0) and we can expand o as:
6= Y X+ Y couXok (B.7)

k(#0) J(#0)
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the coefficients c;, and cg, are obtained from the linear systems of equations:

D+ Z Hyo 0¢0=0 (B.8a)
(=0)
D& + 2 Hyy0:€0 =0 (B.8b)

I(£0)

Explicitly the system of Egs. (B.8) reads:

Mo+ Y, hicio — hoocro =0 (B.92)
(+#0)
—hoe + 2, hucos — hooCor =0 (B.9b)
1(#0)
It is sufficient to solve Eq. (B.9a), because:
Cop = —¢h (B.10)

The ¢, (I #0) are obtained from a linear system of equations of dimension
N — 1. We choose ¢y, = 0 to simplify the summations. We must next construct:

P = e P, (B.11)
We note that

02y = —1*Po; t2=z ‘Ckolz (B.12)
%

. sin ¢
e”¢>0=cosh6'¢0+smha'¢0=cost'q§0+Ta¢0

sin ¢
=COST{" ¢O+Tzck0¢k (B13)
k

This gives us the ¢ of the next iteration as a linear combination of the basis
functions. We can then orthogonalize the basis to the new ¢ and proceed as
before.

The transformation to a new basis is a rather-time-consuming step and
therefore not recommended in practice. Fortunately this can — in this special
case — be completely avoided by a closed summation of the infinite Hausdorff
expansion of the Brillouin condition. This is related to an ‘even-odd-rule’
[16, 50, 51] according to which even powers of ¢ are diagonal operators (see Eq.
(9.16)) and odd powers of ¢ non-diagonal operators. This manifests itself in Eq.
(B.13). One can in fact rewrite the Brillouin condition as (for @ = ¢,):

0= (| e~ [H, X] ¢°|® = cos? t{(!ﬁl[H, x| @)

tan ¢ tan? ¢
+—l‘_<¢l[[H’ X1, 0l|®) - 7z <(D|0'[H,X]0'ld5>} (B.14)
If we define:
Q= tanh o = z dkOXkO + z dOkXOk (B15a)
k k
dkO = —dakk = (tan t/t) * Cro (B15b)

the Brillouin condition of Eq. (B.14) can be written as:
0=/ |[H, X]|®> +<P[[H, X], 0] |®) — {P|e[H, X]e|®)  (B.16)
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This expansion in ¢ is finite, while that in powers of ¢ is infinite. Either
expansion is nonlinear and needs to be solved by iteration. But this is much
simpler for Eq. (B.16). ‘

If we insert the expansion of Eq. (B.15a) into Eq. (B.16) and use Eq. (B.6)
as well as:

(P | Xok[H, X,n)Xio| DD = My Ot — Sty (B.17)
(P JQ[Ha Xoxlo l¢> = dyg Z onho (B.18a)
<‘DIQ[H9 XkO]Ql@>: '_d()kzdloho] (B.lgb)
7
Eq. (B.16) becomes:

o + 2 Mradio — (hoo +> dOmhm0> dio=0 (B.19a)

! m
how — Y. hydy + (hoo + z dk0h0m> do =0 (B.19b)

7 m

If we ignore the terms bilinear in the d,, or dy., Eq. (B.19a) becomes identical
with Eq. (B.9), i.e. in the first iteration cycle the ¢, agree with the d, and hence
¢ agrees with g. Of course, the counterpart of Eq. (B.10) holds:

dy = —d (B.20)

The iterative solution of Eq. (B.19) is straightforward via:
Mo + X b dif D — (hoo +2 déﬁihmo) digt V=0 (B.21)
!/ m

This is obviously an iterative approach to the eigenvalue problem:
hyo + Y hiudi = Edyo (B.22)
I

with the eigenvector in intermediate normalization. This is easily seen if we
consider the expectation value:

E={®le "He’|®P)=cos’ 1{@|(1 —)H(1 +0)|P) (B.23)
and note that:
cos? t =[1— (B |g?|dD]~ (B.24)

Eq. (B.22) is hence the eigenvalue system that makes E stationary.
If E as given by Eq. (B.23) is stationary with respect to variation of g, an
alternative energy expression is:

E={(P|H|®)+3{P|[H, 0l|®> = hoo + . domhmo (B.25)

which establishes the relation between the non-linear system of Eq. (B.20a) and
the eigenvalue system of Eq. (B.22).

There are usually better ways to solve the eigenvalue system of Eq. (B.22)
than that via the iteration scheme indicated by Eq. (B.21), but Eq. (B.21) is
interesting as it follows directly from the stationarity condition of the expectation
value as alternative, but equivalent to the eigenvalue system.



